Deformations of holomorphic Poisson maps by Kim, Chunghoon
ar
X
iv
:1
51
2.
09
08
8v
1 
 [m
ath
.A
G]
  3
0 D
ec
 20
15
DEFORMATIONS OF HOLOMORPHIC POISSON MAPS
CHUNGHOON KIM
Abstract. In this paper, we study deformations of holomorphic Poisson maps which extend Horikawa’s
series of papers [Hor75],[Hor74], and [Hor76] on deformations of holomorphic maps in the context of holomor-
phic Poisson deformations. In appendices, we present deformations of Poisson morphisms in the language
of functors of Artin rings which is the algebraic version of deformations of holomorphic Poisson maps. We
identity first-order deformations and obstructions.
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1. Introduction
In this paper, we study deformations of holomorphic Poisson maps which extend Horikawa’s series of
papers [Hor75],[Hor74], and [Hor76] on deformations of holomorphic maps in the context of holomorphic
Poisson deformations. We review deformation theory of holomorphic maps presented in [Hor75],[Hor74], and
[Hor76] and explain how the theory can be extended in the context of holomorphic Poisson deformations.
Let us review deformation theory of holomorphic maps presented in [Hor75] and [Hor74]. Horikawa defined
a concept of a family of holomorphic maps of deformations of a holomorphic map f : X → Y of complex
manifolds on the basis of Kodaira-Spencer’s deformation theory. He studied two notions of a family of
holomorphic maps as follows. Let M and S be two complex manifolds.
(1) A family of holomorphic maps consists of a family {Xt|t ∈M} plus a collection {ft : Xt → Y |t ∈M}
(Y being fixed).
(2) A family of holomorphic maps consists of a family {Xt|t ∈M}, a holomorphic map s : M → S and
a collection {ft : Xt → Ys(t)|t ∈M} ( Y = {Yt′}t′∈S → S being fixed).
For each case, he studied infinitesimal deformations and proved theorem of completeness and existence. Let
us consider the case (1). For the precise statements, we recall the definitions of a family of holomorphic
maps, and completeness of a family as follows.
Definition 1.0.1. By a family of holomorphic maps into a compact complex manifold Y , we mean a col-
lection (X ,Φ, p,M) of complex manifold X , a complex manifold M , and a holomorphic map Φ : X → Y =
Y ×M , and p : X →M with following properties:
(1) p is a surjective smooth proper holomorphic map.
(2) q ◦ Φ = p, where q : Y →M is the projection onto the second factor.
Two families (X ,Φ, p,M) and (X ′,Φ′, p′,M ′) of holomorphic maps into Y are said to be equivalent if there
exist holomorphic isomorphisms Ψ : X → X ′ and φ :M →M ′ such the the following diagram is commutative
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X
Ψ
−−−−→ X ′
Φ
y yΦ′
Y ×M
id×φ
−−−−→ Y ×M ′
If (X ,Φ, p,M) is a family of holomorphic maps into Y , and if h : N → M is a holomorphic map, we can
define the family (X ′,Φ′, p′, N) induced by h as follows:
(1) X ′ = X ×M N ,
(2) Φ′ = Φ× id : X ′ → (Y ×M)×M N = Y ×N,
(3) p′ = pN : X ′ → N .
Definition 1.0.2. A family (X ,Φ, p,M) of holomorphic maps into Y is complete at 0 ∈ M if, for any
family (X ′,Φ′, p′, N) such that Φ′0′ : X
′
0′ → Y is equivalent to Φ0 : X0 → Y for a point 0
′ ∈ N , there exists
a holomorphic map h of a neighborhood U of 0′ in N into M with h(0′) = 0 such that the restriction of
(X ′,Φ′, p′, N) on U is equivalent to the family induced by h from (X ,Φ, p,M).
Let (X ,Φ, p,M) be a family of holomorphic maps into Y , 0 ∈ M , X = X0 and f = Φ0 : X → Y . Let
F : ΘX → f∗ΘY be the canonical homomorphism where ΘX (resp. ΘY ) is the sheaf of germs of holomorphic
vector fields on X (resp. Y ). Then we have an exact sequence of sheaves
0→ ΘX/Y → ΘX
F
−→ f∗ΘY
P
−→ Nf → 0
where ΘX/Y = ker(F : ΘX → f
∗ΘY ), and Nf = coker(F : ΘX → f∗ΘY ).
Let U be a finite Stein covering of X . We set
DX/Y =
{(τ, ρ) ∈ C0(U , f∗Θ•Y )⊕ C
1(U ,ΘX)|δτ = Fρ, δρ = 0}
{(Fg, δg)|g ∈ C0(U ,ΘX)}
Then infinitesimal deformations of f : X → Y in the family (X ,Φ, p,M) are encoded in DX/Y , and we
can define the characteristic map
τ : T0(M)→ DX/Y .
We note that DX,Y ∼= H
0(X,Nf ) when f is non-degenerate (i.e F is injective). In [Hor75], Horikawa proved
theorem of completeness and existence for a non-degenerate holomorphic map, and in [Hor74], he proved
theorem of completeness and existence for general case as follows.
Theorem 1.0.3 (Theorem of completeness for deformations of holomorphic maps). Let (X ,Φ, p,M) be a
family of holomorphic maps into Y, 0 ∈ M,X = X0, and f = Φ0 : X → Y . If the characteristic map
τ : T0(M)→ DX/Y is surjective, then the family is complete at 0.
Theorem 1.0.4 (Theorem of existence for deformations of holomorphic maps). Let f : X → Y be a
holomorphic map of a compact complex manifold X into a complex manifold Y . Assume that the canonical
homomorphism F : ΘX → f∗ΘY satisfies the following conditions:
(1) F : H1(X,ΘX)→ H
1(X, f∗ΘY ) is surjective,
(2) F : H2(X,ΘX)→ H2(X, f∗ΘY ) is injective.
Then there exist a family (X ,Φ, p,M) of holomorphic maps into Y and a point 0 ∈M such that
(1) X = p−1(0) and Φ0 : X → Y coincides with f : X → Y .
(2) τ : T0(M)→ DX/Y is bijective.
In section 2, we extend the concept of a family of holomorphic maps, and prove an analogue of theorem
of completeness (Theorem 1.0.3) and an analogue of theorem of existence (Theorem 1.0.4) in the context
of holomorphic Poisson deformations. A holomorphic Poisson manifold X is a complex manifold whose
structure sheaf is a sheaf of Poisson algebras1. A holomorphic Poisson structure is encoded in a holomorphic
section (a holomorphic bivector field) Λ ∈ H0(X,∧2ΘX) with [Λ,Λ] = 0, where the bracket [−,−] is the
Schouten bracket on X . In the sequel a holomorphic Poisson manifold will be denoted by (X,Λ). Let (X,Λ)
and (Y,Π) be two holomorphic Poisson manifolds. Then a holomorphic map f : (X,Λ)→ (Y,Π) is called a
holomorphic Poisson map if f∗Λx = Πf(x) for each x ∈ X , where f∗ : ∧
2ΘX,x → ∧2ΘY,f(x) is the canonical
map.
1We refer to [LGPV13] for general information on Poisson geometry
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It is natural to consider two notions of a family of holomorphic Poisson maps as analogues of case (1)
and (2) as above in the context holomorphic Poisson deformations as follows. Let M and S be two complex
manifolds.
(1) A family of holomorphic Poisson maps consists of a family {(Xt,Λt)|t ∈ M} plus a collection {ft :
(Xt,Λt)→ (Y,Π0)|t ∈M} ((Y,Π0) being fixed)
(2) a family of holomorphic Poisson maps consists of a family {(Xt,Λt)|t ∈ M}, a holomorphic map
s : M → S and a collection {ft : (Xt,Λt) → (Ys(t),Πs(t))|t ∈ M} ((Y,Π) = {(Yt′ ,Πt′)}t′∈S → S
begin fixed.)
The case (1) is the main topic of section 2. We extend Definition 1.0.1 and Definition 1.0.2 to define concepts
of a family of holomorphic Poisson maps, and completeness of a family (see Definition 2.0.23).
Definition 1.0.5. By a Poisson analytic family of holomorphic Poisson maps into a compact holomorphic
Poisson manifold (Y,Π0), we mean a collection (X ,Λ,Φ, p,M) of holomorphic Poisson manifold (X ,Λ), a
complex manifold M , and a holomorphic Poisson map Φ : (X ,Λ)→ (Y,Π0) = (Y ×M,Π0), and p : (X ,Λ)→
M with following properties:
(1) p is a surjective smooth proper holomorphic map, which makes (X ,Λ, p,M) a Poisson analytic family
in the sense of [Kim14b].
(2) q ◦Φ = p, where q : (Y,Π0)→M is the projection onto the second factor which is the trivial Poisson
analytic family over M .
Two families (X ,Λ,Φ, p,M) and (X ′,Λ′,Φ′, p′,M ′) of holomorphic Poisson maps into (Y,Π0) are said to
be equivalent if there exist a holomorphic Poisson isomorphism Ψ : (X ,Λ) → (X ′,Λ′) and a holomorphic
isomorphism φ :M →M ′ such the the following diagram is commutative
(X ,Λ)
Ψ
−−−−→ (X ′,Λ′)
Φ
y yΦ′
(Y ×M,Π0)
id×φ
−−−−→ (Y ×M ′,Π0)
If (X ,Λ,Φ, p,M) is a family of holomorphic Poisson maps into (Y,Π0), and if h : N →M is a holomorphic
map, we can define the family (X ′,Λ′,Φ′, p′, N) induced by h as follows:
(1) (X ′,Λ′) = (X ,Λ)×M N which is the induced Poisson analytic family by h (see [Kim14b]).
(2) Φ′ = Φ× id : (X ′,Λ′)→ ((Y ×M)×M N,Π0) = (Y ×N,Π0).
(3) p′ = pN : (X ′,Λ′)→ N .
Definition 1.0.6. A family (X ,Λ,Φ, p,M) of holomorphic Poisson maps into (Y,Π0) is complete at 0 ∈M
if, for any family (X ′,Λ′,Φ′, p′, N) such that Φ′0′ : (X
′
0′ ,Λ
′
0′) → (Y,Π0) is equivalent to Φ0 : (X0,Λ0) →
(Y,Π0) for a point 0
′ ∈ N , there exists a holomorphic map h of a neighborhood U of 0′ in N into M with
h(0′) = 0 such that the restriction of (X ′,Λ′,Φ′, p′, N) on U is equivalent to the family induced by h from
(X ,Λ,Φ, p,M).
Let (X ,Λ,Φ, p,M) be a family of holomorphic Poisson maps into (Y,Π0), 0 ∈M, (X,Λ0) = (X0,Λ0) and
f = Φ0 : (X,Λ0)→ (Y,Π0). Then there is a complex of sheaves associated with f on X (see Appendix A):
f∗Θ•Y : f
∗ΘY
π
−→ ∧2f∗ΘY
π
−→ ∧3f∗ΘY
π
−→ · · ·
such that the following diagram commutes
Θ•X : ΘX
[Λ0,−]
−−−−→ ∧2ΘX
[Λ0,−]
−−−−→ ∧3ΘX
[Λ0,−]
−−−−→ · · ·
F
y Fy Fy
f∗Θ•Y :f
∗ΘY
π
−−−−→ ∧2f∗ΘY
π
−−−−→ ∧3f∗ΘY
π
−−−−→ · · ·
where F : Θ•X → f
∗Θ•Y is the canonical homomorphism. Then we have an exact sequence of complex of
sheaves
0→ Θ•X/Y → Θ
•
X
F
−→ f∗Θ•Y
P
−→ N •f → 0
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· · · · · · · · · · · ·x [Λ0,−]x πx x
0 −−−−→ Θ3X/Y −−−−→ ∧
3ΘX
F
−−−−→ ∧3f∗ΘY
P
−−−−→ N 3f −−−−→ 0x [Λ0,−]x πx x
0 −−−−→ Θ2X/Y −−−−→ ∧
2ΘX
F
−−−−→ ∧2f∗ΘY
P
−−−−→ N 2f −−−−→ 0x [Λ0,−]x πx x
0 −−−−→ ΘX/Y −−−−→ ΘX
F
−−−−→ f∗ΘY
P
−−−−→ Nf −−−−→ 0
where Θ•X/Y := ker(Θ
•
X
F
−→ f∗Θ•Y ) and N
•
f := coker(Θ
•
X
F
−→ f∗ΘY ).
Let U be a Stein covering of X . We set
PD(X,Λ0)/(Y,Π0) =
{(τ, ρ, λ) ∈ C0(U , f∗Θ•Y )⊕ C
1(U ,ΘX)⊕ C0(U ,∧2ΘX)|
−δτ=Fρ,π(τ)=Fλ,
δρ=0,δλ+[Λ0,ρ]=0,[Λ0,λ]=0
}
{(Fg,−δg, [Λ0, g])|g ∈ C0(U ,ΘX)}
Then infinitesimal deformations of f : (X,Λ0) → (Y,Π0) in the family (X ,Λ,Φ, p,M) are encoded in
PD(X,Λ0)/(Y,Π0), and we can define the characteristic map (see subsection 2.2)
τ : T0(M)→ PD(X,Λ0)/(Y,Π0).
We note that PD(X,Λ0)/(Y,Π0)
∼= H0(X,N •f ) when f is non-degenerate. We prove theorem of completeness
(see Theorem 2.3.1) for deformations of holomorphic maps as follows.
Theorem 1.0.7 (Theorem of completeness for deformations of holomorphic Poissonmaps). Let (X ,Λ,Φ, p,M)
be a family of holomorphic Poisson maps into (Y,Π0), 0 ∈ M, (X,Λ0) = (X0,Λ0), and f = Φ0 : (X,Λ0) →
(Y,Π0). If the characteristic map τ : T0(M)→ PD(X,Λ0)/(Y,Π0) is surjective, then the family is complete at
0.
We also prove theorem of existence for deformations of holomorphic Poisson maps under the assumption
that the formal power series constructed in the proof converge.
Theorem 1.0.8 (Theorem of existence for deformations of holomorphic Poisson maps). Let f : (X,Λ0)→
(Y,Π0) be a holomorphic Poisson map of a compact holomorphic Poisson manifold (X,Λ0) into a holomorphic
Poisson manifold (Y,Π0). Assume that the canonical homomorphism F : Θ
•
X → f
∗Θ•Y satisfies the following
conditions:
(1) F : H1(X,Θ•X)→ H
1(X, f∗Θ•Y ) is surjective,
(2) F : H2(X,Θ•X)→ H
2(X, f∗Θ•Y ) is injective.
Then if the formal power series (2.5.63) constructed in the proof converge, then there exist a family (X ,Λ,Φ, p,M)
of holomorphic Poisson maps into (Y,Π0) and a point 0 ∈M such that
(1) (X,Λ0) = p
−1(0) and Φ0 : (X,Λ0)→ (Y,Π0) coincides with f : (X,Λ0)→ (Y,Π0).
(2) τ : T0(M)→ PD(X,Λ0)/(Y,Π0) is bijective.
The author could not touch the convergence problem (see subsection 2.5.2). It seems that we can formally
apply Horikawa’s method in his proof of Theorem 1.0.4 in the context of holomorphic Poisson deformations.
But the author believes that we need a deep understanding of harmonic theories on the operators L =
∂¯ + [Λ0,−] on Θ•X and Lπ = ∂¯ + π on f
∗Θ•Y .
Next let us review the case (2) in Horikawa’s deformation theory presented in [Hor74] and explain how
the theory can be extended in the context of holomorphic Poisson deformations. Horikawa defined a notion
of deformations of holomorphic maps into a complex analytic family and proved theorem of completeness
and existence. For the precise statements, we recall the definition of a family of holomorphic maps into a
family.
Definition 1.0.9. By a family of holomorphic maps into a complex analytic family (Y, q, S), we mean a
collection (X ,Φ, p,M, s) where (X , p,M) is a complex analytic family, Φ : X → Y is a holomorphic map,
and s : M → S such that s ◦ p = q ◦ Φ. Two families (X ,Φ, p,M, s) and (X ′,Φ′, p′,M ′, s′) are said to be
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equivalent if there exist holomorphic isomorphisms g : X → X ′, and h : M → M ′ such that the following
diagram commutes
X
p

g
''◆
◆◆
◆◆
◆◆
◆◆
◆◆
◆◆
Φ
// Y
q

X ′
p′

Φ′
88♣♣♣♣♣♣♣♣♣♣♣♣♣
M
h
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
s
// S
M ′
s′
77♣♣♣♣♣♣♣♣♣♣♣♣♣
We can define induced families and the concept of completeness in a similar way as in Definition 1.0.1,
and Definition 1.0.2.
Let (X ,Φ, p,M, s) be a family of holomorphic maps into (Y, q, S), 0 ∈ M,X = X0 and let f˜ : X → Y be
the restriction of Φ to X . Let 0∗ = s(0), Y = Y0∗ , and let f : X → Y be the holomorphic map induced by
Φ. Let F˜ : ΘX → f˜∗ΘY be the canonical homomorphism induced by f˜ .
Let U be a Stein covering of X , then we have
DX/Y =
{(τ˜ , ρ) ∈ C0(U , f˜∗ΘY)⊕ C1(U ,ΘX)|δτ˜ = F˜ ρ, δρ = 0}
{(F˜ g, δg)|g ∈ C0(U ,ΘX)}
Then infinitesimal deformations of f : X → Y in the family (X ,Φ, p,M, s) are encoded in DX/Y , and we
have the characteristic map
τ : T0(M)→ DX/Y .
In [Hor74], Horikawa proved theorem of completeness and existence for deformations of holomorphic maps
into a family as follows.
Theorem 1.0.10 (Theorem of completeness). Let (X ,Φ, p,M, s) be a family of holomorphic maps into a
family (Y, q, S), 0 ∈ M,X = X0, and let f˜ : X → Y be the restriction of Φ to X. If the characteristic map
τ : T0(M)→ DX/Y is surjective, then the family is complete at 0.
Theorem 1.0.11 (Theorem of existence for deformations of holomorphic maps into a family). Let f :
X → Y be a holomorphic map of compact complex manifolds. Let (Y, q, S) be a complex analytic family,
0∗ ∈ S, Y = Y0∗ , and let ρ′ : T0∗(S)→ H1(Y,ΘY ) be the Kodaira-Spencer map of (Y, q, S). Assume that
(1) H1(X, f∗ΘY ) is generated by the image of F : H
1(X,ΘX)→ H1(X, f∗ΘY ) and the image of f∗ ◦ρ′ :
T0∗(S)→ H1(X, f∗ΘY ).
(2) F : H2(X,ΘX)→ H2(X, f∗ΘY ) is injective.
Then there exists a family (X ,Φ, p,M, s) of holomorphic maps into (Y, q, S) and a point 0 ∈M such that
(1) s(0) = 0∗, X = p−1(0) and Φ0 coincides with f ,
(2) τ : T0(M)→ DX/Y is bijective.
In section 3, we extend the concept of a family of holomorphic maps into a family in the context of
holomorphic Poisson deformations. In other words, the situation (2) is the main topic of section 3. We
extend Definition 1.0.9 to define a concept of a family of holomorphic Poisson maps into a Poisson analytic
family (see Definition 3.0.69).
Definition 1.0.12. By a Poisson analytic family of holomorphic Poisson maps into a Poisson analytic
family (Y,Π, q, S), we mean a collection (X ,Λ,Φ, p,M, s) where (X ,Λ, p,M) is a Poisson analytic family,
Φ : (X ,Λ) → (Y,Π) is a holomorphic Poisson map, and s : M → S such that s ◦ p = q ◦ Φ. Two
families (X ,Λ,Φ, p,M, s) and (X ′,Λ′,M ′, s′) are said to be equivalent if there exist a holomorphic Poisson
isomorphism g : (X ,Λ) → (X ′,Λ′) and an isomorphism h : M → M ′ such that the following diagram
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commutes
(X ,Λ)
p

g
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
Φ
// (Y,Π)
q

(X ′,Λ′)
p′

Φ′
66♠♠♠♠♠♠♠♠♠♠♠♠♠
M
h
((❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
s
// S
M ′
s′
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
We can define induced families and the concept of completeness (see Definition 3.0.69 and Definition
3.0.70).
Let (X ,Λ,Φ, p,M, s) be a Poisson analytic family of holomorphic Poisson maps into (Y,Π, q, S), 0 ∈M ,
(X,Λ0) = (X0,Λ0), and let f˜ : (X,Λ0) → (Y,Π) be the restriction of Φ to (X,Λ0). Let F˜ : Θ•X → f˜
∗Θ•Y
be the canonical homomorphism. Let 0∗ = s(0), (Y,Π0) = (Y0∗ ,Π0∗), and let f : (X,Λ0) → (Y,Π0) be the
holomorphic Poisson map induced by Φ. If U = {Ui} is a Stein covering of X , then we have
PD(X,Λ0)/(Y,Π) =
{(τ˜ , ρ, λ) ∈ C0(U , f˜∗ΘY)⊕ C1(U ,ΘX)⊕ C0(U ,∧2ΘX)|
−δτ˜=F˜ ρ,π(τ˜)=F˜λ
δρ=0,δλ+[Λ0,ρ]=0,[Λ0,λ]=0
}
{(F˜ g,−δg, [Λ0, g])|g ∈ C0(U ,ΘX)}
Then infinitesimal deformations of f : (X,Λ0) → (Y,Π0) in the family (X ,Λ,Φ, p,M, s) are encoded in
PD(X,Λ0)/(Y,Π), and we can define the characteristic map (see subsection 3.1)
τ : T0(M)→ PD(X,Λ0)/(Y,Π).
We prove theorem of completeness (see Theorem 3.3.1) for deformations of holomorphic Poisson maps
into a Poisson analytic family as follows.
Theorem 1.0.13 (Theorem of completeness for deformations of holomorphic Poisson maps into a family).
Let (X ,Λ,Φ, p,M, s) be a family of holomorphic Poisson maps into a family (Y,Π, q, S), 0 ∈ M, (X,Λ0) =
(X0,Λ0), and let f˜ : (X,Λ0) → (Y,Π) be the restriction of Φ to (X,Λ0). If the characteristic map τ :
T0(M)→ PD(X,Λ0)/(Y,Π) is surjective, then the family is complete at 0.
We prove theorem of existence (see Theorem 3.4.1) for deformations of holomorphic Poisson maps into a
Poisson analytic family under the assumption that the formal power series constructed in the proof converge
as in Theorem 1.0.8.
Theorem 1.0.14 (Theorem of existence for deformations of holomorphic Poisson maps into a family).
Let f : (X,Λ0) → (Y,Π0) be a holomorphic Poisson map of compact holomorphic Poisson manifolds. Let
(Y,Π, q, S) be a Poisson analytic family, 0∗ ∈ S, (Y,Π0) = (Y0∗ ,Π0∗), and let ρ′ : T0∗(S) → H1(Y,Θ•Y ) be
the Poisson Kodaira-Spencer map of (Y,Π, q, S) (see [Kim14b]). Assume that
(1) H1(X, f∗Θ•Y ) is generated by the image of F : H
1(X,Θ•X)→ H
1(X, f∗Θ•Y ) and the image of f
∗ ◦ ρ′ :
T0∗(S)→ H1(X, f∗Θ•Y ).
(2) F : H2(X,Θ•X)→ H
2(X, f∗Θ•Y ) is injective.
If the formal power series (3.4.46) constructed in the proof converge, then there exists a family (X ,Λ,Φ, p,M, s)
of holomorphic Poisson maps into (Y,Π, q, S) and a point 0 ∈M such that
(1) s(0) = 0∗, (X,Λ0) = p
−1(0) and Φ0 coincides with f ,
(2) τ : T0(M)→ PD(X,Λ0)/(Y,Π) is bijective.
In [Hor74], Horikawa studied a stability problem of a holomorphic map over a complex manifold. Let
{Yt}t∈M be a family of deformations of complex manifolds with Y = Y0, 0 ∈ M , and let f : X → Y be a
holomorphic map of a compact complex manifold X into a complex manifold Y . The concept of stability
lies in the question whether we can embed X into a family {Xt}t∈M in such a manner that f extends to a
family of holomorphic maps ft : Xt → Yt, t ∈ M . Horikawa proved the following theorem as a corollary of
Theorem 1.0.11.
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Theorem 1.0.15 (Theorem of stability for holomorphic maps over complex manifolds). Let f : X → Y be
a holomorphic map of a compact complex manifold X into a complex manifold Y . Assume that
(1) F : H1(X,ΘX)→ H
1(X, f∗ΘY ) is surjective,
(2) F : H2(X,ΘX)→ H2(X, f∗ΘY ) is injective.
Then for any family q : Y → M of complex manifolds such that Y = q−1(0) for some point 0 ∈ M , there
exist
(1) an open neighborhood N of 0,
(2) a family p : X → N of deformations of X = p−1(0),
(3) a holomorphic map Φ : X → Y|N which induces f over 0 ∈ N .
Let us consider the above arguments in the context of holomorphic Poisson deformations and extend
the concept of stability in terms of a holomorphic Poisson map over a holomorphic Poisson manifold. Let
{(Yt,Πt)}t∈M be a family of deformations of holomorphic Poisson manifolds with (Y,Π0) = (Yi,Π0), 0 ∈M ,
and let f : (X,Λ0) → (Y,Π0) be a holomorphic Poisson map of a compact holomorphic Poisson manifold
(X,Λ0) into a holomorphic Poisson manifold (Y,Π0). It is natural to ask if we can embed (X,Λ0) into
a family {(Xt,Λt)}t∈M in such a manner that f extends to a family of holomorphic Poisson maps ft :
(Xt,Λt)→ (Yt,Πt), t ∈M .
In section 4, we prove an analogue of Theorem 1.0.15 as a corollary of Theorem 1.0.14 so that the author
could not touch convergence problem. We prove (see Theorem 4.0.47)
Theorem 1.0.16 (Theorem of stability of holomorphic Poisson maps). Let f : (X,Λ0) → (Y,Π0) be a
holomorphic Poisson map of compact holomorphic Poisson manifolds, where X is compact. Assume that
(1) F : H1(X,Θ•X)→ H
1(X, f∗Θ•Y ) is surjective.
(2) F : H2(X,Θ•X)→ H
2(X, f∗Θ•Y ) is injective.
Then for any family q : (Y,Π)→M of holomorphic Poisson manifolds such that (Y,Π0) = q
−1(0) for some
point 0 ∈M , if the formal power series (4.0.50) constructed in the proof converge, there exist
(1) an open neighborhood N of 0,
(2) a family p : (X ,Λ)→ N of deformations of (X,Λ0) = p−1(0),
(3) a holomorphic Poisson map p : (X ,Λ)→ (Y|N ,Π|N ) over N which induces f over 0 ∈ N .
In Appendix C, we also prove theorem of stability of a Poisson morphism over a nonsingular Poisson
variety by algebraic methods in the case of infinitesimal deformations over local aritinian k-algebras (see
Theorem C.0.10).
In [Hor74], Horikawa studied deformations of a composition of holomorphic maps and proved the following
two theorems.
Theorem 1.0.17. Let f : X → Y, g : Y → Z and h = g ◦ f be holomorphic maps of complex manifolds. We
assume that
(1) X and Y are compact,
(2) g is non-degenerate and the canonical homomorphism f∗G : f∗ΘY → h
∗ΘZ is injective, where G
denote the homomorphism ΘY → g∗ΘZ ,
(3) there exist a family (Y,Ψ, q, N) of holomorphic maps into Z and a point 0′ ∈ N such that Y = q−1(0′)
and such that Ψ induces g on Y ,
(4) the composition f∗ ◦ τ : T0′(N) → H0(X, f∗Ng) is surjective, where τ : T0′(N) → H0(X, f∗Ng)
is the characteristic map of (Y,Ψ, q, N) at 0′, and f∗ : H0(Y,Ng) → H0(X, f∗Ng) is the pull-back
homomorphism.
Let (X ,Υ, p,M) be a family of holomorphic maps into Z and let 0 be a point on M such that X = p−1(0)
and that Υ induces h on X. Then there exist
(1) an open neighborhood M ′ of 0,
(2) a holomorphic map s : M ′ → N ,
(3) a holomorphic map Φ : X|M ′ → Y, such that s(0) = 0′, Φ induces f on X, and the diagram
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X|M ′
p|M′

Φ
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
Υ|M′
// Z ×N
pr2

Y
q

Ψ
77♦♦♦♦♦♦♦♦♦♦♦♦♦♦
M ′
s
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
s
// N
N
id
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
commutes.
Theorem 1.0.18. Let f : X,→ Y, g : Y → Z, and h = g ◦f be holomorphic maps of complex manifolds. Let
p : X →M, q : Y →M and π : Z →M be families of complex manifolds such that X = p−1(0), Y = q−1(0)
and Z = π−1(0) for some point 0 ∈M . Let Φ : X → Y and Υ : X → Z be holomorphic maps over M which
induces f and h over 0 ∈M , respectively. Assume that
(1) p and q are proper.
(2) f∗ : H0(Y, g∗ΘZ)→ H
0(X,h∗ΘZ) is surjective.
(3) f∗ : H1(Y, g∗ΘZ)→ H1(X,h∗ΘZ) is injective.
Then there exists an open neighborhood N of 0, and a holomorphic map Ψ : Y|N → Z over N such that
Υ|N = Ψ ◦ (Φ|N ).
In section 5, we prove an analogue of Theorem 1.0.17, and an analogue of Theorem 1.0.18 (see Theorem
5.0.51 and Theorem 5.0.78)
Theorem 1.0.19. Let f : (X,Λ0)→ (Y,Π0), g : (Y,Π0)→ (Z,Ω0) and h = g ◦ f . We assume that
(1) X and Y are compact.
(2) g is non-degenerate and the canonical homomorphism f∗G : f∗Θ•Y → h
∗Θ•Z is injective, where G
denotes the injective homomorphism Θ•Y → g
∗Θ•Z (see Appendix A).
(3) there exist a family (Y,Π,Ψ, q, N) of holomorphic Poisson maps into (Z,Ω0) and a point 0′ ∈ N
such that (Y,Π0) = q
−1(0′) and such that Ψ induces g on (Y,Π0).
(4) the composition f∗ ◦ τ : T0′(N) → H
0(X, f∗N •g ) is surjective, where τ : T0′(N) → H
0(Y,N •g ) is
the characteristic map of (Y,Π,Ψ, q, N) at 0′, and f∗ : H0(Y,N •g ) → H
0(X, f∗N •g ) is the pullback
homomorphism.
Let (X ,Λ,Υ, p,M) be a family of holomorphic Poisson maps into (Z,Ω0) and let 0 be a point in M such
that (X,Λ0) = p
−1(0) and that Υ induces h on X. Then there exist
(1) an open neighborhood M ′ of 0,
(2) a holomorphic map s : M ′ → N ,
(3) a holomorphic Poisson map Φ : (X|M ′ ,Λ|M ′)→ (Y,Π),
such that s(0) = 0′, Φ induces f on (X,Λ0), and the diagram
(X|M ′ ,Λ|M ′)
p|M′

Φ
))❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
Υ|M′
// (Z ×N,Ω0)
pr2

(Y,Π)
q

Ψ
55❧❧❧❧❧❧❧❧❧❧❧❧❧❧
M ′
s
))❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
❙❙
s
// N
N
id
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
commutes.
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Theorem 1.0.20. Let f : (X,Λ0) → (Y,Π0), g : (Y,Π0) → (Z,Ω0), and h = g ◦ f be holomorphic Poisson
maps of holomorphic Poisson manifolds. Let p : (X ,Λ)→M, q : (Y,Π)→M and π : (Z,Ω)→M be families
of holomorphic Poisson manifolds such that (X,Λ0) = p
−1(0), (Y,Π0) = q
−1(0) and (Z,Ω0) = π
−1(0) for
some point 0 ∈M . Let Φ : (X ,Λ)→ (Y,Π) and Υ : (X ,Λ)→ (Z,Ω) be holomorphic Poisson maps over M
which induces f and h over 0 ∈M , respectively. Assume that
(1) p and q are proper.
(2) f∗ : H0(Y, g∗Θ•Z)→ H
0(X,h∗Θ•Z) is surjective (see Appendix A).
(3) f∗ : H1(Y, g∗Θ•Z)→ H
1(X,h∗Θ•Z) is injective.
Then there exists an open neighborhood N of 0, and a holomorphic Poisson map Ψ : (Y|N ,Π|N ) → (Z,Ω)
over N such that Υ|N = Ψ ◦ (Φ|N ).
In [Hor76], Horikawa studied a concept of costability. Let {Xt} be a family of deformations of compact
complex manifolds, X = X0, 0 ∈ M , and let f : X → Y be a holomorphic map of compact complex
manifolds. Horikawa asked if we can embed Y into a complex analytic family in such a manner that f
extends to a family of holomorphic maps ft : Xt → Yt, and proved the following theorem.
Theorem 1.0.21 (Theorem of Costability for deformations of holomorphic maps). Let X and Y be compact
complex manifolds, f : X → Y a holomorphic map, and let p : X → M be a family of deformations of
X = p−1(0), 0 ∈M . Assume that
(1) f∗ : H1(Y,ΘY )→ H1(X, f∗ΘY ) is surjective.
(2) f∗ : H2(Y,ΘY )→ H
2(X, f∗ΘY ) is injective.
Then there exists an open neighborhood N of 0 in M , a family q : Y → N of deformations of Y = q−1(0),
and a holomorphic map Φ : X|N → Y over N which induces f over 0 ∈ N .
Let us consider the above arguments in terms of holomorphic Poisson deformations. Let {(Xt,Λt)} be
a family of deformations of compact holomorphic Poisson manifolds, (X,Λ0) = (X0,Λ0), 0 ∈ M , and let
f : (X,Λ0)→ (Y,Π0) be a holomorphic Poisson map of (X,Λ0) into a compact holomorphic Poisson manifold
(Y,Π0). It is natural to ask if we can embed (Y,Π0) into a family (Yt,Πt) in such a manner that f extends
to a family of holomorphic Poisson maps ft : (Xt,Λt) → (Yt,Πt), t ∈ M . We conjecture an analogue of
Theorem 1.0.21 .
Conjecture 1 (Theorem of Costatbiliy for deformations of holomorphic Poisson maps). Let (X,Λ0) and
(Y,Π0) be two compact holomorphic Poisson manifolds, f : (X,Λ0)→ (Y,Π0) a holomorphic Poisson map,
and let p : (X ,Λ) → M be a Poisson analytic family of deformations of (X,Λ0) = p−1(0), 0 ∈ M . Assume
that
(1) f∗ : H1(Y,Θ•Y )→ H
1(X, f∗Θ•Y ) is surjective (see Appendix A).
(2) f∗ : H2(Y,Θ•Y )→ H
2(X, f∗Θ•Y ) is injective.
Then there exists an open neighborhood N of 0 in M , a Poisson analytic family q : (Y,Π)→ N of deforma-
tions of (Y,Π0) = q
−1(0), and a holomorphic Poisson map Φ : (X ,Λ)|N → (Y,Π) over N which induces f
over 0 ∈ N .
The author could not extend Horikawa’s methods to prove theorem of costability for deformations of
holomorphic Poisson maps since in order to prove Theorem 1.0.21 he used the existence of Kuranishi space,
and other spaces which have not been established in Poisson category. Though we can approach in an
elementary meothd and so construct formal power series, we meet the difficulty in proving convergence as
in [Kod05] p.248-259. However, we can prove theorem of costabiliy in the case of infinitesimal deformations
of Poisson maps over local aritinan k-algebras. In Appendix C, we prove (see Theorem C.0.15)
Theorem 1.0.22 (Theorem of Costability for infinitesimal deformations of Poisson maps). Let (X,Λ0)
and (Y,Π0) be two nonsingular projective Poisson varieties, f : (X,Λ0) → (Y,Π0) a Poisson map, and let
p : (X ,Λ) → Spec(A) be a flat Poisson deformation of (X,Λ0) over Spec(A) for a local artinian k-algebra
A with the residue k. Assume that Assume that
(1) f∗ : H1(Y, T •Y )→ H
1(X, f∗T •Y ) is surjective
2.
(2) f∗ : H2(Y, T •Y )→ H
2(X, f∗T •Y ) is injective.
2For algebraic case, we use TX instead of ΘX for the tangent sheaf to keep notational consistency with [Kim14a]
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Then there exist a flat Poisson deformation q : (Y,Π) → Spec(A) of (Y,Π0), and a Poisson map Φ :
(X ,Λ)→ (Y,Π) over A which induces f .
In appendices, we present deformations of Poisson morphisms in the language of functors of Artin rings
which is the algebraic version of deformations of holomorphic Poisson maps. We identity first-order defor-
mations and obstructions.
2. Deformations of holomorphic Poisson maps
Definition 2.0.23. By a Poisson analytic family of holomorphic Poisson maps into a compact holomorphic
Poisson manifold (Y,Π0), we mean a collection (X ,Λ,Φ, p,M) of holomorphic Poisson manifold (X ,Λ), a
complex manifold M , and a holomorphic Poisson map Φ : (X ,Λ)→ Y = (Y ×M,Π0), and p : (X ,Λ)→M
with following properties:
(1) p is a surjective smooth proper holomorphic map, which makes (X ,Λ, p,M) a Poisson analytic family
in the sense of [Kim14b].
(2) q ◦Φ = p, where q : (Y,Π0)→M is the projection onto the second factor which is the trivial Poisson
analytic family over M .
Two families (X ,Λ,Φ, p,M) and (X ′,Λ′, ,Φ′, p′,M ′) of holomorphic Poisson maps into (Y,Π0) are said to
be equivalent if there exist a holomorphic Poisson isomorphism Ψ : (X ,Λ) → (X ′,Λ′) and a holomorphic
isomorphism φ :M →M ′ such the the following diagram is commutative
(X ,Λ)
Ψ
−−−−→ (X ′,Λ′)
Φ
y yΦ′
(Y ×M,Π0)
id×φ
−−−−→ (Y ×M ′,Π0)
If (X ,Λ,Φ, p,M) is a family of holomorphic Poisson maps into (Y,Π0), and if h : N →M is a holomorphic
map, we can define the family (X ′,Λ′,Φ′, p′, N) induced by h as follows:
(1) (X ′,Λ′) = (X ,Λ)×M N which is the induced Poisson analytic family by h (see [Kim14b]).
(2) Φ′ = Φ× id : (X ′,Λ′)→ ((Y ×M)×M N,Π0) = (Y ×N,Π0).
(3) p′ = pN : (X ′,Λ′)→ N .
In particular, if N is a submanifold of M and if h is the natural injection, we call (X ′,Λ′,Φ′, p′, N) the
restriction on N and denote it by (X|N ,Λ|N ,Φ|N , p|N , N).
Definition 2.0.24. A family (X ,Λ,Φ, p,M) of holomorphic Poisson maps into (Y,Π0) is complete at 0 ∈M
if, for any family (X ′,Λ′,Φ′, p′, N) such that Φ′0′ : (X
′
0′ ,Λ
′
0′) → (Y,Π0) is equivalent to Φ0 : (X0,Λ0) →
(Y,Π0) for a point 0
′ ∈ N , there exists a holomorphic map h of a neighborhood U of 0′ in N into M with
h(0′) = 0 such that the restriction of (X ′,Λ′,Φ′, p′, N) on U is equivalent to the family induced by h from
(X ,Λ,Φ, p,M).
2.1. Complex associated with a holomorphic Poisson map.
Let f : (X,Λ0) → (Y,Π0) be a holomorphic Poisson map. Let F : Θ•X → f
∗Θ•Y be the canonical
homomorphism associated with f (see Appendix A). Then we have an exact sequence of complex of sheaves
on X
0→ Θ•X/Y → Θ
•
X
F
−→ f∗Θ•Y
P
−→ N •f → 0
· · · · · · · · · · · ·x [Λ0,−]x πx x
0 −−−−→ Θ3X/Y −−−−→ ∧
3ΘX
F
−−−−→ ∧3f∗ΘY
P
−−−−→ N 3f −−−−→ 0x [Λ0,−]x πx x
0 −−−−→ Θ2X/Y −−−−→ ∧
2ΘX
F
−−−−→ ∧2f∗ΘY
P
−−−−→ N 2f −−−−→ 0x [Λ0,−]x πx x
0 −−−−→ ΘX/Y −−−−→ ΘX
F
−−−−→ f∗ΘY
P
−−−−→ Nf −−−−→ 0
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where Θ•X/Y := ker(Θ
•
X
F
−→ f∗Θ•Y ) and N
•
f := coker(Θ
•
X
F
−→ f∗ΘY ).
Definition 2.1.1. We set
PD(X,Λ0)/(Y,Π0) =
{(τ, ρ, λ) ∈ C0(U , f∗Θ•Y )⊕ C
1(U ,ΘX)⊕ C0(U ,∧2ΘX)|
−δτ=Fρ,π(τ)=Fλ,
δρ=0,δλ+[Λ0,ρ]=0,[Λ0,λ]=0
}
{(Fg,−δg, [Λ0, g])|g ∈ C0(U ,ΘX)}
Lemma 2.1.2. PD(X,Λ0)/(Y,Π0) does not depend on the choice of the Stein covering. PDX/Y is a finite
dimensional vector space. We have two exact sequences
H
0(X,Θ•X)
F
−→ H0(X, f∗Θ•Y )→ PD(X,Λ0)/(Y,Π0) → H
1(X,Θ•X)
F
−→ H1(X, f∗Θ•Y )(2.1.3)
0→ H1(X,Θ•X/Y )→ PD(X,Λ0)/(Y,Π0) → H
0(X,N •f )→ H
2(X,Θ•X/Y ),(2.1.4)
Proof. See Lemma B.2.2. 
Definition 2.1.5. A holomorphic Poisson map f : (X,Λ0) → (Y,Π0) between two holomorphic Poisson
manifolds is called non-degenerate if the rank of the Jacobian matrix at some point x ∈ X is equal to
dimension X. In this case we have the exact sequence 0→ Θ•X
F
−→ f∗ΘY
P
−→ Nf → 0.
Corollary 2.1.6. If f is non-degenerate, we have PD(X,Λ0)/(Y,Π0)
∼= H0(X,N •f ).
2.2. Infinitesimal deformations.
Let (X ,Λ,Φ, p,M) be a family of holomorphic Poisson maps into a compact holomorphic Poisson manifold
(Y,Π0). Let 0 be a point on M , X = X0, and let f = Φ0 : p
−1(0) = (X,Λ0)→ (Y,Π0) be the holomorphic
Poisson map induced by Φ. We will define a linear map τ : T0(M)→ PD(X,Λ0)/(Y,Π0) of the family at 0. We
may assume that
(1) M is an open set in Cr with coordinates t = (t1, ..., tr) and 0 = (0, ..., 0).
(2) X is covered by a finite number of Stein coordinate neighborhoods Ui. Each Ui is covered by a system
of coordinates (zi, t) = (z
1
i , ..., z
n
i , t1, ..., tr) such that p(zi, t) = t.
(3) Y is covered by a system of a finite number of Stein coordinate neighborhoods Vi with a system of
coordinates wi = (w
1
i , ..., w
m
i ), and Φ(Ui) ⊂ Vi = Vi ×M .
(4) Φ is given by wi = Φi(zi, t), and let fi(zi) = Φi(zi, 0).
(5) (zi, t) ∈ Ui coincides with (zj , t) ∈ Uj if and only if zi = φij(zj , t)
(6) wi ∈ Vi coincides with wj ∈ Vj if and only if wi = ψij(wj).
(7) Λ is of the form Λ =
∑n
α,β=1 Λ
i
αβ(zi, t)
∂
∂zαi
∧ ∂
∂zβi
with Λiαβ(zi, t) = −Λ
i
βα(zi, t) on Ui. Let Λ
i
αβ(zi) =
Λiαβ(zi, 0). Then Λ0 is of the form Λ0 =
∑n
α,β=1 Λ
i
αβ(zi)
∂
∂zαi
∧ ∂
∂zβi
on X ∩ Ui.
(8) Π0 is of the form Π0 =
∑
Πiαβ(wi)
∂
∂wαi
∧ ∂
∂wβi
with Πiαβ(wi) = −Π
i
βα(wi) on Vi.
Then we have
Φi(φij(zj , t), t) = ψij(Φj(zj , t))(2.2.1)
φij(φjk(zk, t)) = φik(zk, t)(2.2.2)
[Λ,Λ] = 0(2.2.3)
n∑
αβ=1
Λjαβ(zj , t)
∂φpij
∂zαj
∂φqij
∂zβj
= Λipq(φij(zj , t), t)(2.2.4)
n∑
α,β=1
Λiαβ(zi, t)
∂Φpi
∂zαi
∂Φqi
∂zβi
= Πipq(Φi(zi, t))(2.2.5)
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We let Ui = X ∩ Ui and denote by U the covering {Ui} of X . For any element
∂
∂t ∈ T0(M), let
−τi =
m∑
β=1
∂Φβi
∂t
|t=0
∂
∂wβi
∈ Γ(Ui, f
∗ΘY )
ρij =
n∑
α=1
∂φαij
∂t
|t=0
∂
∂zαi
∈ Γ(Uij ,ΘX)
Λ′i =
n∑
α,β=1
∂Λiαβ(zi, t)
∂t
|t=0
∂
∂zαi
∧
∂
∂zβi
∈ Γ(Ui,∧
2ΘX)
Then we claim that
τi − τj = Fρij(2.2.6)
π(τi) = FΛ
′
i(2.2.7)
ρjk − ρik + ρij = 0, Λ
′
j − Λ
′
i + [Λ0, ρij ] = 0, [Λ0,Λ
′
i] = 0.(2.2.8)
By taking the derivative of (2.2.1) with respect to t and setting t = 0, we get (2.2.6) (for the detail,
see [Hor75] p.375). By taking the derivative of (2.2.2), (2.2.3), (2.2.4) with respect to t and setting t = 0,
we get (2.2.8) (for the detail, see [Kim14b]). It remains to show (2.2.7). It is sufficient to show that
π(τi)(w
p
i , w
q
i ) = FΛ
′
i(w
p
i , w
q
i ) for any p, q. Indeed, we note that by taking the derivative of (2.2.5) with
respect to t and setting t = 0, we have
n∑
α,β=1
∂Λiαβ
∂t
|t=0
∂fpi
∂zαi
∂f qi
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂
∂zαi
(
∂Φpi
∂t
|t=0
)
∂f qi
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂fpi
∂zαi
∂
∂zβi
(
∂Φqi
∂t
|t=0
)
=
m∑
ρ=1
∂Πipq
∂wρi
(fi)
∂Φρi
∂t
|t=0
(2.2.9)
Let us consider each side of (2.2.7).
F (
n∑
α,β=1
∂Λiαβ
∂t
|t=0
∂
∂zαi
∧
∂
∂zβi
)(wpi , w
q
i ) = 2
n∑
α,β=1
∂Λiαβ
∂t
|t=0
∂fpi
∂zαi
∂f qi
∂zβi
(2.2.10)
On the other hand,
π(τi)(w
p
i , w
q
i ) = Λ0(τi(w
p
i ), f
q
i )− Λ0(τi(w
q
i ), f
p
i )− τi(Π0(w
p
i , w
q
i )) = −Λ0(
∂Φpi
∂t
|t=0, f
q
i ) + Λ0(
∂Φqi
∂t
|t=0, f
p
i )− 2τi(Π
i
pq)
(2.2.11)
= −2
n∑
α,β=1
Λiαβ(zi)
∂
∂zαi
(
∂Φpi
∂t
|t=0
)
∂f qi
∂zβi
+ 2
n∑
α,β=1
Λiαβ(zi)
∂
∂zαi
(
∂Φqi
∂t
|t=0
)
∂fpi
∂zβi
+ 2
m∑
ρ=1
∂Φρi
∂t
|t=0
∂Πipq
∂wρi
(fi)
Then (2.2.7) follows from (2.2.9), (2.2.10), and (2.2.11).
Hence from (2.2.6), (2.2.7), and (2.2.8), the collection ({τi}, {ρij}, {Λ′i}) defines an element in PD(X,Λ0)/(Y,Π0)
and we have a linear map
τ : T0(M)→ PD(X,Λ0)/(Y,Π0)
We call τ the characteristic map of the family at 0.
Proposition 2.2.12. The linear map τ : T0(M)→ PD(X,Λ0)/(Y,Π0) is independent of the choice of coverings
and systems of coordinates.
Proof. It is sufficient to show that given another coordinate (z′i, t) on Ui and (w
′
i) on Vi, the associated
element ({−τ ′i}, {ρ
′
ij}, {λ
′
i}) defines the same class given by ({−τi}, {ρij}, {λi}) in PD(X,Λ0)/(Y,Π0) defined
as above. Let (z′i, t) coincide with (zi, t) if and only if z
′
i = hi(zi, t), and (w
′
i) coincides with (wi) if and
only if wi = gi(w
′
i). Let Φ be given by w
′
i = Φ
′
i(z
′
i, t). Then we have Φi(zi, t) = gi(Φ
′
i(hi(zi, t), t)). Let
θi =
∑n
σ=1
∂hσi
∂t |t=0
∂
∂zσi
. Then θj − θi = ρij − ρ′ij , λi−λ
′
i = −[Λ0, θi] (see [Kim14b]), and τi− τ
′
i = F (θi) (see
[Hor75] p.376). This completes the proof. 
Remark 2.2.13. In the case (X ,Λ) = (X × M,Λ0). Since ρij = 0,Λ′i = 0, {τi} defines an element in
H0(X, f∗Θ•Y ) so that we have a linear map τ : T0(M)→ H
0(X, f∗Θ•Y ).
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Remark 2.2.14. We say that a family (X ,Λ,Φ, p,M) of holomorphic Poisson maps into (Y,Π0) is non-
degenerate if Φt : (Xt,Λt) → (Y,Π0) is non-degenerate for any t ∈ M . Then {Pτi} defines an element in
H0(X,N •f ) and we have the characteristic map τ : T0(M)→ H
0(X,N •f )
∼= PD(X,Λ0)/(Y,Π0).
Remark 2.2.15. Let (X ,Λ,Φ, p,M) be a family of non-degenerate holomorphic Poisson maps into (Y,Π0), 0 ∈
M , and (X,Λ0) = (X0,Λ0), then the diagram
T0(M)
τ
//
σ
%%▲
▲▲
▲▲
▲▲
▲▲
▲
H0(X,N•f )
δ
xx♣♣
♣♣
♣♣
♣♣
♣♣
H1(X,Θ•X)
is commutative, where σ is the Poisson Kodaira-Spencer map of the Poisson analytic family (X ,Λ, p,M) at
0 (see [Kim14b]) and δ is the coboundary map induced from 0→ Θ•X
F
−→ f∗Θ•Y
P
−→ N •f → 0.
2.3. Theorem of completeness.
Theorem 2.3.1 (Theorem of completeness). Let (X ,Λ,Φ, p,M) be a family of holomorphic Poisson maps
into (Y,Π0), 0 ∈ M, (X,Λ0) = (X0,Λ0), and f = Φ0 : (X,Λ0) → (Y,Π0). If the characteristic map
τ : T0(M)→ PD(X,Λ0)/(Y,Π0) is surjective, then the family is complete at 0.
Proof. We extend the arguments in [Hor75] p.377-382, and [Hor74] p.650 in the context of holomorphic
Poisson deformations. We tried to maintain notational consistency with [Hor75] and [Hor74].
It suffices to prove that for any family (X ′,Λ′,Φ′, p′,M ′) of holomorphic Poisson maps into (Y,Π0), such
that Φ′0′ : (X
′
0′ ,Λ
′
0′) → (Y,Π0) is equivalent to f : (X,Λ0) → (Y,Π0) for some 0
′ ∈ M ′, there exist a
holomorphic map t : M ′ → M with t(0′) = 0 and a holomorphic Poisson map g : (X ′,Λ′) → (X ,Λ)
over t which maps (X ′t′ ,Λ
′
t′) Poisson biholomorphically onto (Xt(t′),Λt(t′)) such that the following diagram
commutes.
(X ′,Λ′)
g
−−−−→ (X ,Λ)
p′
y yp
M ′
t
−−−−→ M
We keep the notations in subsection 2.2 for (X ,Λ,Φ, p,M). By putting “′” we represent something for
(X ′,Λ′,Φ′, p′,M ′).
Remark 2.3.2. Since the problem is local, we may assume that M = {t ∈ Cr||t| < 1},M ′ = {t′ ∈ Cr
′
||t′| <
1},Ui = {(zi, t) ∈ Cn × M ||zi| < 1},U ′i = {(z
′
i, t
′) ∈ Cn × M ′||z′i| < 1}, Ui = {zi ∈ C
n||zi| < 1} and
X =
⋃
i U
δ
i , where U
δ
i = {zi ∈ Ui||zi| < 1 − δ}. Since Φ
′
0′ is equivalent to Φ0, we may assume that
U ′i = Ui, z
′
i = zi on Ui, Φ
′
i(zi, 0) = Φi(zi, 0) = fi(zi), φ
′
ij(zj , 0) = φij(zj , 0) = bij(zj), and Λ0 = Λ
′
0′ .
Let M ′ǫ = {t
′ ∈ M ′||t′| < ǫ} for a sufficiently small number ǫ > 0. We will construct holomorphic maps
t :M ′ǫ →M and gi : Ui ×M
′
ǫ → C
n which satisfy the following conditions:
gi(zi, 0) = zi,(2.3.3)
t(0) = 0,(2.3.4)
gi(φ
′
ij , t
′) = φij(gj , t(t
′)),(2.3.5)
Φi(gi, t(t
′)) = Φ′i(2.3.6)
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂gpi
∂zαi
∂gqi
∂zβi
= Λipq(gi, t(t
′))(2.3.7)
2.3.1. Existence of formal solutions.
Notation 1. Let P (s) = P (s1, ..., sr), Q(s) = Q(s1, ..., sr) be power series in s with coefficients in some
module. We write P (s) = P0(s) + P1(s) + · · · + Pµ(s) + · · · where Pµ(s) is a homogenous polynomial in s
of degree µ. We indicate Pµ(s) the polynomial Pµ(s) = P0(s) + P1(s) + · · ·+ Pµ(s). We write P (s) ≡µ 0 if
Pµ(s) = 0, and P (s) ≡µ Q(s) if P (s)−Q(s) ≡µ 0.
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We note that (2.3.5), (2.3.6), and (2.3.7) are equivalent to the following system of congruences:
gµi (φ
′
ij , t
′) ≡µ φij(g
µ
j , t
µ), µ = 0, 1, 2, · · ·(2.3.8)
Φi(g
µ
i , t
µ) ≡µ Φ
′
i, µ = 0, 1, 2, · · ·(2.3.9)
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂gµpi
∂zαi
∂gµqi
∂zβi
≡µ Λ
i
pq(g
µ
i , t
µ) µ = 0, 1, 2, · · ·(2.3.10)
We will construct gµi (zi, t
′) = g0|i(zi, t
′)+ gi|1(zi, t
′)+ · · ·+ gi|µ(zi, t
′) and tµ(t′) = t0(t
′)+ t1(t
′)+ · · ·+ tµ(t′)
satisfying (2.3.8)µ, (2.3.9)µ and (2.3.10)µ by induction on µ. By setting g0|i(zi, t) = zi and t0(t
′) = 0, it is
clear that the induction holds for µ = 0.
Suppose that tµ−1 and gµ−1i satisfying (2.3.8)µ−1, (2.3.9)µ−1, and (2.3.10)µ−1 are already determined.
We define Γij|µ, λi|µ, and γi|µ, where Γij|µ is a homogenous polynomial of degree µ with coefficients in
Γ(Uij ,ΘX), λi|µ is a homogeneous polynomial of degree µ with coefficients in Γ(Ui,∧
2ΘX), and γi|µ is a
homogenous polynomial of degree µ with coefficients in Γ(Ui, f
∗ΘY ) by the following congruences
Γij|µ ≡µ
n∑
α=1
(gµ−1i (φ
′
ij , t
′)− φij(g
µ−1
j , t
µ−1)
∂
∂zαi
(2.3.11)
λi|µ ≡µ
n∑
p,q=1
λp,qi|µ
∂
∂zpi
∧
∂
∂zqi
(2.3.12)
≡µ
n∑
p,q=1

−Λipq(gµ−1i , tµ−1) +
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂g
(µ−1)p
i
∂zαi
∂g
(µ−1)q
i
∂zβi

 ∂
∂zpi
∧
∂
∂zqi
−γi|µ ≡µ
m∑
ρ=1
(Φ′ρi − Φ
ρ
i (g
µ−1
i , t
µ−1))
∂
∂wρi
(2.3.13)
Lemma 2.3.14. We have
Γjk|µ − Γik|µ + Γij|µ = 0(2.3.15)
[Λ0, λi|µ] = 0(2.3.16)
λj|µ − λi|µ + [Λ0,Γij|µ] = 0(2.3.17)
FΓij|µ = γi|µ − γj|µ(2.3.18)
Fλi|µ = π(γi|µ)(2.3.19)
Proof. For (2.3.15), (2.3.16), and (2.3.17), see [Kim14b]. For (2.3.18), see [Hor75] p.378. We show (2.3.19).
It is sufficient to show that Fλi|µ(w
r
i , w
s
i ) = π(γi|µ)(w
r
i , w
s
i ) for any r, s. We note that
n∑
α,β=1
Λiαβ(zi, t)
∂Φpi
∂zαi
∂Φqi
∂zβi
= Πipq(Φi(zi, t))(2.3.20)
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂Φ′pi
∂z′αi
∂Φ′qi
∂z′βi
= Πipq(Φ
′
i(zi, t
′))(2.3.21)
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Then we have
Fλi|µ(w
r
i , w
s
i )
= λi|µ(f
r
i , f
s
i ) =
n∑
p,q=1
2

−Λipq(gµ−1i , tµ−1) +
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂g
(µ−1)p
i
∂zαi
∂g
(µ−1)q
i
∂zβi

 ∂f ri
∂zpi
∂f si
∂zqi
≡µ
n∑
p,q=1
2

−Λipq(gµ−1i , tµ−1) +
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂g
(µ−1)p
i
∂zαi
∂g
(µ−1)q
i
∂zβi

 ∂Φri
∂zpi
(gµ−1i , t
µ−1)
∂Φsi
∂zqi
(gµ−1i , t
µ−1)
≡µ −2Π
i
rs(Φi(g
µ−1
i , t
µ−1)) + 2
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂Φri (g
µ−1
i , t
µ−1)
∂zαi
∂Φsi (g
µ−1
i , t
µ−1)
∂zβi
≡µ −2Π
i
rs(Φ
′
i + γi|µ) + 2
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂(Φ′ri + γ
r
i|µ)
∂zαi
∂(Φ′si + γ
s
i|µ)
∂zβi
≡µ −2Π
i
rs(Φ
′
i)− 2
m∑
α=1
γαi|µ
∂Πipq
∂wαi
(Φ′i) + 2
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂Φ′ri
∂zαi
∂Φ′si
∂zβi
+ 2
n∑
α,β=1
Λiαβ(zi)
∂γri|µ
∂zαi
∂Φ′si
∂zβi
+ 2
n∑
α,β=1
Λiαβ(zi)
∂Φ′ri
∂zαi
∂γsi|µ
∂zβi
≡µ −2
m∑
α=1
γαi|µ
∂Πipq
∂wαi
(fi) + 2
n∑
α,β=1
Λiαβ(zi)
∂γri|µ
∂zαi
∂f si
∂zβi
+ 2
n∑
α,β=1
Λiαβ(zi)
∂f ri
∂zαi
∂γsi|µ
∂zβi
= Λ0(γi|µ(w
r
i ), f
s
i )− Λ0(γi|µ(w
s
i ), f
r
i )− γi|µ(Π0(w
r
i , w
s
i ))
= π(γi|µ)(w
r
i , w
s
i ).
Hence we have π(γi|µ)(w
r
i , w
s
i ) = Fλi|µ(w
r
i , w
s
i ). 
We will determine tµ(t
′) and gi|µ(t
′) such that tµ(t′) = tµ−1(t′) + tµ(t
′), and gµi (zi, t
′) = gµ−1i (zi, t
′) +
gi|µ(zi, t
′) satisfy (2.3.8)µ, (2.3.9)µ, and (2.3.10)µ.
Lemma 2.3.22. (2.3.8)µ, (2.3.9)µ, and (2.3.10)µ are equivalent to
Γij|µ = gj|µ − gi|µ +
r∑
v=1
tv|µρijv(2.3.23)
γi|µ = −Fgi|µ +
r∑
v=1
tv|µτiv(2.3.24)
λi|µ = −[Λ0, gi|µ] +
r∑
v=1
tv|µΛ
′
iv(2.3.25)
where gi|µ =
∑n
α=1 g
α
i|µ
∂
∂zαi
,−τiv =
∑m
β=1
∂Φβi
∂tv
|t=0
∂
∂wβi
, ρijv =
∑n
α=1
∂φαij
∂tv
|t=0
∂
∂zαi
, and Λ′iv =
∑n
α,β=1
∂Λiαβ
∂tv
|t=0
∂
∂zαi
∧
∂
∂zβi
.
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Proof. For (2.3.23) and (2.3.24), see [Hor75] p.379. Let us show that (2.3.10)µ is equivalent to (2.3.25).
Indeed, (2.3.10)µ is equivalent to
Λipq(g
µ−1
i + gi|µ, t
µ−1 + tµ) ≡µ
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂(g
(µ−1)p
i + g
p
i|µ)
∂zαi
∂(g
(µ−1)q
i + g
q
i|µ)
∂zβi
⇐⇒
n∑
γ=1
gαi|µ
∂Λipq
∂zγi
(gµ−1i , t
µ−1) +
r∑
v=1
tv|µ
∂Λipq
∂tv
(gµ−1i , t
µ−1)
≡µ λ
p,q
i|µ +
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂g
(µ−1)p
i
∂zαi
∂gqi|µ
∂zβi
+
n∑
α,β=1
Λ′iαβ(zi, t
′)
∂gpi|µ
∂zαi
∂g
(µ−1)q
i
∂zβi
⇐⇒
n∑
γ=1
gγi|µ
∂Λipq
∂zγi
(zi, 0) +
r∑
v=1
tv|µ
∂Λipq
∂tv
(zi, 0) ≡µ λ
p,q
i|µ +
n∑
α,β=1
Λiαβ(zi)
∂zpi
∂zαi
∂gqi|µ
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂gpi|µ
∂zαi
∂zqi
∂zβi
⇐⇒ λi|µ(z
p
i , z
q
i ) = −Λ0(g
p
i|µ, z
q
i ) + Λ0(g
q
i|µ, z
p
i ) + gi|µ(Λ0(z
p
i , z
q
i )) +
r∑
v=1
tv|µ
∂Λipq
∂t
(zi, 0)
⇐⇒ λi|µ = −[Λ0, gi|µ] +
r∑
v=1
tv|µΛ
′
iv.

Let (t1, ..., tr) be a system of coordinates on M with center at 0. Since τ : T0(M) → PD(X,Λ0)/(Y,Π0) is
surjective, τ( ∂∂tv ), v = 1, ..., r represented by
({τiv}, {ρijv}, {Λ
′
iv}) ∈ C
0(U , f∗ΘY )⊕Z
1(U ,ΘX)⊕ C
0(U ,∧2ΘX)
generate PD(X,Λ0)/(Y,Π0).
Lemma 2.3.26. We can find tµ and gi|µ satisfying (2.3.23), (2.3.24), and (2.3.25).
Proof. From (2.3.15) − (2.3.19), ({γi|µ}, {Γij|µ}, {λi|µ}) defines an element of PD(X,Λ0)/(Y,Π0). Then there
exists t1, ..., tr such that ({γi|µ}, {Γij}, {λi|µ}) is equivalent to ({
∑n
v=1 tvτiv}, {
∑r
v=1 tvρijv}, {
∑n
v=1 tvΛ
′
iv}).
Hence there exist g = {gi|µ} ∈ C
0(U ,ΘX) such that {γi|µ−
∑r
v=1 tvτiv} = F ({−gi|µ}), Γij|µ−
∑r
v=1 tvρijv =
−δ({−gi|µ}) = {gj|µ − gi|µ}, and {λi|µ −
∑r
v=1 tvΛ
′
iv} = [Λ0, {−gi|µ}]. 
Hence induction holds for µ so that we can construct formal power series gi and t satisfying (2.3.3)−(2.3.7).
2.4. Proof of convergence.
We prove that if we choose solutions tµ(t
′) and gi|µ(zi, t
′) of the equations (2.3.23), (2.3.24), and (2.3.25)
properly in each inductive step, the power series t(t′) = t1(t
′) + t2(t
′) + · · · + tµ(t′) + · · · , and gi(zi, t′) =
zi + gi|1(zi, t
′) + · · · + gi|µ(zi, t) + · · · converge absolutely and uniformly for |t
′| < ǫ if ǫ > 0 is sufficiently
small.
Notation 2. Let g(s) =
∑
v1v2...vr
gv1...vrs
v1
1 s
v2
2 · · · s
vr
r whose coefficients gv1...vr are vectors and a power
sereis a(s) =
∑
av1...vrs
v1
1 · · · s
vr
r with av1...vr ≥ 0. We indicate by writing g(s)≪ a(s) that |gv1...vr | ≤ av1...vr .
We let
A(s) =
b
16c
∞∑
µ=1
1
µ2
cµ(s1 + · · ·+ sr)
µ(2.4.1)
It suffices to show the estimates
tµ(t′)≪ A(t′), gµi (zi, t
′)− zi ≪ A(t
′)(2.4.2)
by induction on µ if the coefficients b, c in (2.4.1) are properly chosen. For µ = 1, the estimates (2.4.2)1
holds if b is sufficiently large. We recall Remark 2.3.2.
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Lemma 2.4.3. Assume that the estimates (2.4.2)µ−1 holds for some µ. Then we have
Γij|µ(zi, t
′)≪
(
K1
b
+
K2
c
+
K3b
c
)
A(t′), zi ∈ Ui ∩ Uj(2.4.4)
γi|µ(zi, t
′)≪
(
K4
b
+
K5b
c
)
A(t′), zi ∈ Ui(2.4.5)
λi|µ(zi, t
′)≪
(
K6
b
+
K7
c
+
K8b
c
+
K9b
c2
)
A(t′), zi ∈ U
δ
i(2.4.6)
where K1, ...,K9 are constants independent of µ.
Proof. See [Kod05] p.302 for (2.4.4), [Hor75] p.381 for (2.4.5) and [Kim14b] for (2.4.6). 
For any σ = (γ = {γi},Γ = {Γij}, λ = {λi}) ∈ C0(U , f∗ΘY )⊕ C1(U ,ΘX)⊕ C0(U ,∧2ΘX) such that
FΓij = γi − γj , Fλi = π(γi)(2.4.7)
We define the norm ||σ|| := ||γ||+ ||Γ||+ ||λ|| where
||γ|| = max
i
sup
zi∈Ui
|γi(zi)|, ||Γ|| = max
i,j
sup
zi∈Ui∩Uj
|Γij(zi)|, ||λ|| = max
i
sup
zi∈Uδi
|λi(zi)|
Lemma 2.4.8. For any σ = (γ = {γi},Γ = {Γij}, λ = {λi}) satisfying (2.4.7), we can find gi(zi) and tv
satisfying
Γij = gj − gi +
r∑
v=1
tvρijv , λi = −[Λ0, gi] +
r∑
v=1
tvΛ
′
iv, γi = −Fgi +
r∑
v=1
tvτiv(2.4.9)
|gi(zi)| ≤ K10||σ||, |t| ≤ K10||σ||
where K10 is a constant independent of σ.
Proof. The proof is similar to [Hor75] Lemma 2.3 p.381, [Kod05] Lemma 6.2 p.295 and [Kim14b] to which
we refer for the detail. We define
ι(σ) = inf max{ sup
zi∈Ui
|gi(zi)|, |t|}
where inf is taken with respect to all solutions gi(zi), tv of the equations (2.4.9). It suffices to show the
existence of a constant K10 such that ι(σ) ≤ K10||σ||. Suppose that such a constant K10 does not exist.
Then we can find a sequence σ(1), σ(2), ..., σ(l) = (γ(l),Γ(l), λ(l)), ... satisfying (2.4.7) such that ι(σ(l)) =
1, ||σ(l)|| < 1l so that there exist {g
(l)
i } and t
(l) such that
Γ
(l)
ij = g
(l)
j − g
(l)
i +
r∑
v=1
t(l)v ρijv, λ
(l)
i = −[Λ0, g
(l)
i ] +
r∑
v=1
t(l)v Λ
′
iv, γ
(l)
i = −Fg
(l)
i +
r∑
v=1
t(l)v τiv,
and {t
(l)
v } converges, and {gli(zi)} converges uniformly on Ui. Put tv = lim t
(l)
v and gi(zi) = lim g
(l)
i (zi). Let
g′i(zi) = g
(l)
i − gi(zi) and t
′
v = t
(l)
v − tv. Then we have
Γ
(l)
ij = g
′
j − g
′
i +
r∑
v=1
t′vρijv , λ
(l)
i = −[Λ0, g
′
i] +
r∑
v=1
t′pΛ
′
iv, γ
(l)
i = −Fg
′
i +
r∑
v=1
t′vτiv,
This is a contradiction to ι(σ(l)) = 1.

Hence we can choose solutions gi|µ(zi, t
′), and tµ(t
′) of (2.3.23), (2.3.24), and (2.3.25) such that
gi|µ(zi, t
′)≪ K10K
∗A(t′), tµ(t
′)≪ K10K
∗A(t′)
where K∗ = K1+K4+K6b +
K2+K7
c +
(K3+K5+K8)b
c +
K9b
c2 . We can choose b and c in (2.4.1) in a way that
we have K10K
∗ < 1. Hence we have gi|µ(zi, t
′) ≪ A(t′) and tµ(t′) ≪ A(t′). This completes the proof of
Theorem 2.3.1.

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2.5. Theorem of existence.
Theorem 2.5.1 (Theorem of existence). Let f : (X,Λ0) → (Y,Π0) be a holomorphic Poisson map of a
compact holomorphic Poisson manifold (X,Λ0) into a holomorphic Poisson manifold (Y,Π0). Assume that
the canonical homomorphism F : Θ•X → f
∗Θ•Y satisfies the following conditions:
(1) F : H1(X,Θ•X)→ H
1(X, f∗Θ•Y ) is surjective,
(2) F : H2(X,Θ•X)→ H
2(X, f∗Θ•Y ) is injective.
Then if the formal power series (2.5.63) constructed in the proof converge, then there exist a family (X ,Λ,Φ, p,M)
of holomorphic Poisson maps into (Y,Π0) and a point 0 ∈M such that
(1) (X,Λ0) = p
−1(0) and Φ0 : (X,Λ0)→ (Y,Π0) coincides with f : (X,Λ0)→ (Y,Π0).
(2) τ : T0(M)→ PD(X,Λ0)/(Y,Π0) is bijective.
Remark 2.5.2. If f is non-degenerate, the above condition (1) and (2) are reduced to H1(X,N •f ) = 0.
Proof. We extend the arguments in [Hor75] and [Hor74] in the context of holomorphic Poisson deformations
(See [Hor75] p.382-388 and [Hor74] p.649-653). We tried to maintain notational consistency with [Hor75]
and [Hor74]. We may assume that
(1) X is covered by a finite number of coordinate neighborhoods Ui with a system of coordinates
(z1i , ..., z
n
i ) and Ui = {(zi) ∈ C
n||zi| < 1}.
(2) Y is covered by a finite number of coordinate neighborhoods Vi with a system of coordinates
(w1i , .., w
m
i ) and Vi = {(wi) ∈ C
m||wi| < 1}.
(3) f(Ui) ⊂ Vi, and f is given by wi = fi(zi).
(4) zi ∈ Ui coincides with zj ∈ Uj if and only if zi = bij(zj).
(5) wi ∈ Vi coincides with wj ∈ Vj if and only if wi = gij(wj).
(6) Λ0 is of the form Λ0 =
∑n
α,β=1Λ
i
αβ(zi)
∂
∂zαi
∧ ∂
∂zβi
with Λiαβ(zi) = −Λ
i
βα(zi) on Ui.
(7) Π0 is of the form Π0 =
∑m
α,β=1Π
i
αβ(wi)
∂
∂wαi
∧ ∂
∂wβi
with Πiαβ(wi) = −Π
i
βα(wi) on Vi.
Let r = dimPD(X,Λ0)/(Y,Π0), and M = {t ∈ C
r||t| < ǫ} for a sufficiently small number ǫ > 0.
We regard X ×M as a differentiable manifold and prove the existence of a vector (0, 1)-form
φ(t) =
n∑
v=1
φvi (zi, t)
∂
∂zvi
=
n∑
v,α=1
φviα(zi, t)dz¯
α
i
∂
∂zvi
and the existence of a bivector of the form
Λ(t) =
n∑
α,β=1
Λiαβ(zi, t)
∂
∂zαi
∧
∂
∂zβi
depending holomorphically on t and vector-valued differentiable functions Φi(zi, t) on Ui ×M depending
holomorphically on t which satisfy the following equalities:
φ(0) = 0(2.5.3)
Λ(0) = Λ0(2.5.4)
∂¯φ+
1
2
[φ, φ] = 0(2.5.5)
1
2
[Λ,Λ] = 0(2.5.6)
∂¯Λ + [φ,Λ] = 0(2.5.7)
Φi(zi, 0) = fi(zi)(2.5.8)
∂¯Φi + [φ,Φi] = 0(2.5.9)
Φi(bij(zj), t) = gij(Φj(zi, t))(2.5.10)
n∑
α,β=1
Λiαβ(zi, t)
∂Φpi
∂zαi
∂Φqi
∂zβi
= Πipq(Φi(zi, t))(2.5.11)
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2.5.1. Existence of formal solutions.
We will prove the existence of formal solutions of φ(t),Λ(t), and Φi(zi, t) satisfying (2.5.3) − (2.5.11)
as power series in t. Let φ(t) =
∑∞
µ=0 φµ(t),Λ(t) =
∑∞
µ=0 Λµ(t), and Φi(zi, t) =
∑∞
µ=0 Φi|µ(zi, t), where
φµ(t),Λµ(t), and Φi|µ(t) are homogenous in t of degree µ, and let φ
µ(t) = φ0(t)+φ1(t)+ · · ·+φµ(t),Λµ(t) =
Λ0(t)+Λ1(t)+· · ·+Λµ(t), and Φ
µ
i (zi, t) = Φi|0(zi, t)+Φi|1(zi, t)+· · ·+Φi|µ(zi, t). We note that (2.5.5)−(2.5.11)
are equivalent to the following system of congruences:
∂¯φµ +
1
2
[φµ, φµ] ≡µ 0(2.5.12)
1
2
[Λµ,Λµ] ≡µ 0(2.5.13)
∂¯Λµ + [φµ,Λµ] ≡µ 0(2.5.14)
∂¯Φµi + [φ
µ,Φµi ] ≡µ 0(2.5.15)
Φµi (bij(zj), t) ≡µ gij(Φ
µ
j (zj , t))(2.5.16)
n∑
α,β=1
Λµiαβ(zi, t)
∂Φµpi
∂zαi
∂Φµqi
∂zβi
≡µ Π
i
pq(Φ
µ
i (zi, t))(2.5.17)
for µ = 1, 2, 3, ....
Remark 2.5.18. By setting Λ′µ := Λ′µ − Λ0, (2.5.12), (2.5.13), and (2.5.14) are equivalent to
L(φµ + Λ′µ) +
1
2
[φµ + Λ′µ, φµ + Λ′µ] ≡µ 0(2.5.19)
where L = ∂¯ + [Λ0,−].
We shall construct solutions φ(t),Λ(t), and Φi(zi, t) of (2.5.5) − (2.5.11) by induction on µ. From
(2.5.3), (2.5.4), and (2.5.8), we set φ0(t) = 0,Λ0(t) = Λ0, and Φi|0(zi, t) = fi(zi). Let us determine φ1,Λ1
and Φi|1. For this, we note the following lemma.
Lemma 2.5.20. We have an isomorphism
PD(Λ0,X)/(Y,Π0)
∼=
{(Φ, φ, ψ) ∈ A0,0(f∗ΘY )×A0,1(ΘX)×A0,0(∧2ΘX)|
∂¯Φ=Fφ,π(Φ)=Fψ,∂¯φ=0,∂¯ψ+[φ,ψ]=0,[Λ0,ψ]=0
⇐⇒ L(φ,ψ)=0,Lpi(Φ)=F (φ,ψ)
}
{(Fξ, ∂¯ξ, [Λ0, ξ]|ξ ∈ A0,0(ΘX)}
where L = ∂¯ + [Λ0,−], and Lπ = ∂¯ + π.
Proof. Let (τ = {τi}, ρ = {ρij}, λ = {λi}) ∈ C0(U , f∗ΘY ) ⊕ C1(U ,ΘX) ⊕ C0(U ,∧2ΘX) be a representative
of PD(Λ0,X)/(Π0,Y ). Since δρ = 0, there exists ηi ∈ Γ(Ui,A
0,0(ΘX)) such that ρij = ηi − ηj . Then φ :=
∂¯ηi ∈ A0,1(ΘX) and ψ := [Λ0, ηi] − λi ∈ A0,0(∧2ΘX) satisfy ∂¯φ = 0, ∂¯ψ + [φ, ψ] = 0, [Λ0, ψ] = 0 (for the
detail, see [Kim14b]). On the other hand, τi− τj = Fρij = Fηi−Fηj . We define Φi = Fηi− τi on Ui. Then
Φ = {Φi} ∈ A0,0(f∗ΘY ) with ∂¯Φ = Fφ and π(Φ) = F [Λ0, ηi]−Fτi = Fψ. We define the correspondence by
(τ = {τi}, ρ = {ρij}, λ = {λi}) 7→ (Φ, φ, ψ) = (Fηi − τi, ∂¯ηi, [Λ0, ηi]− τi)
Let (τ ′, ρ′, λ′) be another representative of the class defined by (τ, ρ, λ). Then there exists g = {gi} ∈
C0(U ,ΘX) such that τi − τ ′i = Fgi, ρij − ρ
′
ij = gi − gj , and λi − λ
′
i = [Λ0, gi]. Let ρ
′
ij = η
′
i − η
′
j , and so
φ′ = ∂¯η′i and ψ
′ = [Λ0, η
′
i]−λ
′
i. Then Φ−Φ
′ = F (ηi−η′i)− (τi−τ
′
i) = F (ηi−η
′
i−gi), φ−φ
′ = ∂¯(ηi−η′i−gi),
and ψ − ψ′ = [Λ0, ηi − η′i]− (λi − λ
′
i) = [Λ0, ηi − η
′
i − gi]. Hence the correspondence is well-defined.
Let us define the inverse map. Given (Φ, φ, ψ) with L(φ, ψ) = 0, Lπ(Φ) = F (φ, ψ). Since ∂¯φ = 0, there
exists ηi ∈ Γ(Ui,A0,0(ΘX)) such that φ = ∂¯ηi. We define ρij := ηi − ηj on Uij , λi := [Λ0, ηi]− ψ on Ui, and
τi = Fηi − Φ on Ui.

Choose a basis of PD(X,Λ0)/(Y,Π0) as
{(Φλ,−φλ,−Λλ)}λ=1,...,r ∈ A
0,0(f∗ΘY )⊕A
0,1(ΘX)⊕A
0,0(∧2ΘX)
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We write Φλ =
∑m
α=1Φ
α
λi
∂
∂wαi
on Ui, and Λλ =
∑n
α,β=1 Λ
i
αβλ
∂
∂zαi
∧ ∂
∂zβi
on Ui. We define φ1 =
∑r
λ=1 φλtλ,Λ1 =∑r
λ=1 Λλtλ, and Φ
α
i|1 =
∑r
λ=1 Φ
α
λitλ. We set Λ
i
αβ|1(zi, t) =
∑r
λ=1 Λ
i
αβλtλ. Then (2.5.12)1 − (2.5.16)1 holds
(see [Hor74] p.651). Let us check (2.5.17)1. Indeed, (2.5.17)1 is equivalent to
n∑
α,β=1
Λiαβ|1(zi, t)
∂fpi
∂zαi
∂f qi
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂Φpi|1
∂zαi
∂f qi
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂fpi
∂zαi
∂Φqi|1
∂zβi
=
m∑
β=1
∂Πipq
∂wβi
(fi)Φ
β
i|1
⇐⇒ π(Φi|1)(w
p
i , w
q
i ) = −F (Λ1)(w
p
i , w
q
i )
Hence induction holds for µ = 1.
Now we assume that φµ−1,Λµ−1, and Φµ−1i satisfying (2.5.12)µ−1−(2.5.17)µ−1 are already determined. We
define homogenous polynomials ξµ ∈ A0,2(ΘX), ψµ ∈ A0,1(∧2ΘX), ηµ ∈ A0,0(∧3ΘX), Ei|µ ∈ Γ(Ui,A
0,1(f∗ΘY )),
Γij|µ ∈ Γ(Uij ,A
0,0(f∗ΘY )), and λi|µ ∈ Γ(Ui,A
0,0(f∗ ∧2 ΘY )) by the following congruences:
ξµ ≡µ ∂¯φ
µ−1 +
1
2
[φµ−1, φµ−1](2.5.21)
ψµ ≡µ ∂¯Λ
µ−1 + [Λµ−1, φµ−1](2.5.22)
ηµ ≡µ
1
2
[Λµ−1,Λµ−1](2.5.23)
Ei|µ ≡µ
m∑
α=1
(∂¯Φ
(µ−1)α
i + [φ
µ−1,Φ
(µ−1)α
i ])
∂
∂wαi
(2.5.24)
Γij|µ ≡µ
m∑
α=1
(Φ
(µ−1)α
i (bij(zj), t)− g
α
ij(Φ
µ−1
j (zj , t)))
∂
∂wαi
(2.5.25)
λi|µ ≡µ
m∑
p,q=1
λp,qi|µ
∂
∂wpi
∧
∂
∂wqi
(2.5.26)
=
m∑
p,q=1

−Πipq(Φµ−1i (zi, t)) +
n∑
α,β=1
Λ
(µ−1)i
αβ
∂Φ
(µ−1)p
i
∂zαi
∂Φ
(µ−1)q
i
∂zβi

 ∂
∂wpi
∧
∂
∂wqi
Remark 2.5.27. We note that (2.5.21), (2.5.22), (2.5.23) are equivalent to
ξµ + ψµ + ηµ = ∂¯(φ
µ−1 + Λµ−1) +
1
2
[φµ−1 + Λµ−1, φµ−1 + Λµ−1]
By letting Λ′µ−1 = Λµ−1 − Λ0, (2.5.21, (2.5.22), (2.5.23) are also equivalent to
ξµ + ψµ + ηµ = L(φ
µ−1 + Λ′µ−1) +
1
2
[φµ−1 + Λ′µ−1, φµ−1 + Λ′µ−1](2.5.28)
where L = ∂¯ + [Λ0,−].
Lemma 2.5.29. We have the following equalities:
∂¯ξµ = 0, in Γ(X,A
0,3(ΘX)),(2.5.30)
[Λ0, ξµ] + ∂¯ψµ = 0 in Γ(X,A
0,2(∧2ΘX)),(2.5.31)
[Λ0, ψµ] + ∂¯ηµ = 0 in Γ(X,A
0,1(∧3ΘX)),(2.5.32)
[Λ0, ηµ] = 0 in Γ(X,A
0,0(∧4ΘX)),(2.5.33)
∂¯Ei|µ = Fξµ in Γ(Ui,A
0,2(f∗ΘY )),(2.5.34)
π(Ei|µ) + ∂¯λi|µ = Fψµ in Γ(Ui,A
0,1(∧2f∗ΘY )),(2.5.35)
π(λi|µ) = Fηµ in Γ(Ui,A
0,0(∧3f∗ΘY )),(2.5.36)
λi|µ − λj|µ = π(Γij|µ) in Γ(Uij ,A
0,0(∧2f∗ΘY )),(2.5.37)
Ei|µ − Ej|µ = ∂¯Γij|µ in Γ(Uij ,A
0,1(f∗ΘY )),(2.5.38)
Γjk|µ − Γik|µ + Γij|µ = 0 in Γ(Uijk,A
0,0(f∗ΘY )).(2.5.39)
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Remark 2.5.40. We note that (2.5.30)− (2.5.33) are equivalent to
L(ξµ + ψµ + ηµ) = 0.(2.5.41)
Proof. (2.5.30), (2.5.31), (2.5.32), and (2.5.33) follow from (2.5.28), (2.5.41), and L ◦ L = 0. (2.5.34) follows
from [Hor75] p.385. (2.5.38) and (2.5.39) follow from [Hor75] p.386.
We show (2.5.35). It is sufficient to show that π(Ei|µ)(w
p
i , w
q
i ) + ∂¯λi|µ(w
p
i , w
q
i ) = Fψµ(w
p
i , w
q
i ) for any
p, q. We note that
Fψµ(w
p
i , w
q
i ) ≡µ F (∂¯Λ
µ−1
i + [Λ
µ−1
i , φ
µ−1
i ])(w
p
i , w
q
i )
≡µ ∂¯Λ
µ−1
i (Φ
(µ−1)p
i ,Φ
(µ−1)q
i ) + [Λ
µ−1
i , φ
µ−1
i ](Φ
(µ−1)p
i ,Φ
(µ−1)q
i )(2.5.42)
Let us consider the first term of (2.5.42).
∂¯Λµ−1i (Φ
(µ−1)p
i ,Φ
(µ−1)q
i ) = 2
n∑
α,β,r=1
∂Λ
(µ−1)i
αβ
∂z¯ri
∂Φ
(µ−1)p
i
∂zαi
∂Φ
(µ−1)q
i
∂zβi
dz¯ri(2.5.43)
Let us consider the second term of (2.5.42).
[Λµ−1i , φ
µ−1
i ](Φ
(µ−1)p
i ,Φ
(µ−1)q
i )
(2.5.44)
≡µ −Λ
µ−1
i (φ
µ−1
i (Φ
(µ−1)p
i ),Φ
(µ−1)q
i ) + Λ
µ−1
i (φ
µ−1
i (Φ
(µ−1)q
i ),Φ
(µ−1)p
i ) + φ
µ−1
i (Λ
µ−1
i (Φ
(µ−1)p
i ,Φ
(µ−1)q
i ))
≡µ −2
n∑
α,β=1
Λ
(µ−1)i
αβ
∂(
∑n
v=1 φ
(µ−1)v
i
∂Φ
(µ−1)p
i
∂zvi
)
∂zαi
∂Φ
(µ−1)q
i
∂zβi
+ 2
n∑
α,β=1
Λ
(µ−1)i
αβ
∂(
∑n
v=1 φ
(µ−1)v
i
∂Φ
(µ−1)q
i
∂zvi
)
∂zαi
∂Φ
(µ−1)p
i
∂zβi
+
n∑
v=1
φ
(µ−1)v
i
∂
∂zvi

 n∑
α,β=1
2Λ
(µ−1)i
αβ
∂Φ
(µ−1)p
i
∂zαi
∂Φ
(µ−1)q
i
∂zβi


≡µ −2
n∑
α,β,v=1
Λ
(µ−1)i
αβ
∂
∂zαi
(
φ
(µ−1)v
i
∂Φ
(µ−1)p
i
∂zvi
)
∂Φ
(µ−1)q
i
∂zβi
+ 2
n∑
α,β,v=1
Λ
(µ−1)i
αβ
∂
∂zαi
(
φ
(µ−1)v
i
∂Φ
(µ−1)q
i
∂zvi
)
∂Φ
(µ−1)p
i
∂zβi
+
n∑
v=1
φ
(µ−1)v
i
∂
∂zvi
(2λp,qi|µ + 2Π
i
pq(Φ
µ−1
i ))
≡µ −2
n∑
α,β,v=1
Λ
(µ−1)i
αβ
∂
∂zαi
(
φ
(µ−1)v
i
∂Φ
(µ−1)p
i
∂zvi
)
∂Φ
(µ−1)q
i
∂zβi
+ 2
n∑
α,β,v=1
Λ
(µ−1)i
αβ
∂
∂zαi
(
φ
(µ−1)v
i
∂Φ
(µ−1)q
i
∂zvi
)
∂Φ
(µ−1)p
i
∂zβi
+
n∑
v=1
2φ
(µ−1)v
i
∂Πipq(Φ
µ−1
i )
∂zvi
On the other hand,
π(Ei|µ)(w
p
i , w
q
i ) = −Λ0(Ei|µ(w
p
i ), f
q
i (zi)) + Λ0(Ei|µ(w
q
i ), f
p
i (zi)) + Ei|µ(Π0(w
p
i , w
q
i ))(2.5.45)
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We consider each term of (2.5.45).
− Λ0(Ei|µ(w
p
i ), f
q
i (zi)) ≡µ −Λ
µ−1
i (Ei|µ(w
p
i ),Φ
(µ−1)q
i )
(2.5.46)
≡µ −Λ
µ−1
i
(
n∑
v=1
∂Φ
(µ−1)p
i
∂z¯vi
dz¯vi +
n∑
v=1
φ
(µ−1)v
i
∂Φ
(µ−1)p
i
∂zvi
,Φ
(µ−1)q
i
)
≡µ −
n∑
v=1
Λµ−1i
(
∂Φ
(µ−1)p
i
∂z¯vi
,Φ
(µ−1)q
i
)
dz¯vi −
n∑
v=1
Λµ−1i
(
φ
(µ−1)v
i
∂Φ
(µ−1)p
i
∂zvi
,Φ
(µ−1)q
i
)
≡µ −
n∑
α,β,v=1
2Λ
(µ−1)i
αβ
∂
∂zαi
(
∂Φ
(µ−1)p
i
∂z¯vi
)
∂Φ
(µ−1)q
i
∂zβi
dz¯vi −
n∑
α,β,v=1
2Λ
(µ−1)i
αβ
∂
∂zαi
(
φ
(µ−1)v
i
∂Φ
(µ−1)p
i
∂zvi
)
∂Φ
(µ−1)q
i
∂zβi
Λ0(Ei|µ(w
q
i ), f
p
i (zi)) ≡µ Λ
µ−1
i (Ei|µ(w
q
i ),Φ
(µ−1)p
i )
(2.5.47)
≡µ
n∑
α,β,v=1
2Λ
(µ−1)i
αβ
∂
∂zαi
(
∂Φ
(µ−1)q
i
∂z¯vi
)
∂Φ
(µ−1)p
i
∂zβi
dz¯vi +
n∑
α,β,v=1
2Λ
(µ−1)i
αβ
∂
∂zαi
(
φ
(µ−1)v
i
∂Φ
(µ−1)q
i
∂zvi
)
∂Φ
(µ−1)p
i
∂zβi
2Ei|µ(Π
i
pq(wi)) ≡µ 2
m∑
α=1
∂¯Φ
(µ−1)α
i
∂Πipq
∂wαi
(Φ
(µ−1)
i ) + 2
m∑
α=1
n∑
v=1
φµ−1i
∂Φ
(µ−1)α
i
∂zvi
∂Πipq
∂wαi
(Φµ−1i )(2.5.48)
≡µ 2
n∑
v=1
∂Πipq(Φ
µ−1
i )
∂z¯vi
dz¯vi + 2
n∑
v=1
φ
(µ−1)v
i
∂Πipq(Φ
µ−1
i )
∂zvi
∂¯λi|µ(w
p
i , w
q
i ) ≡µ −2
n∑
v=1
∂Πipq(Φ
µ−1
i (zi, t))
∂z¯vi
dz¯vi + 2
n∑
α,β,v=1
∂
∂z¯vi
(
Λ
(µ−1)i
αβ
∂Φ
(µ−1)p
i
∂zαi
∂Φ
(µ−1)q
i
∂zβi
)
dz¯v(2.5.49)
From (2.5.43), (2.5.44), (2.5.46), (2.5.47), (2.5.48), and (2.5.49), we get (2.5.35).
We show (2.5.36). It is sufficient to show that π(λi|µ)(w
a
i , w
b
i , w
c
i ) = Fηµ(w
a
i , w
b
i , w
c
i ) for any a, b, c.
Indeed,
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π(λi|µ)(w
a
i , w
b
i , w
c
i )
= Λ0(λi|µ(w
a
i , w
b
i ), f
c
i (zi))− Λ0(λi|µ(w
a
i , w
c
i ), f
b
i (zi)) + Λ0(λi|µ(w
b
i , w
c
i ), f
a
i (zi))
+ λi|µ(Π0(w
a
i , w
b
i ), w
c
i )− λi|µ(Π0(w
a
i , w
c
i ), w
b
i ) + λi|µ(Π0(w
b
i , w
c
i ), w
a
i )
≡µ −2Λ
µ−1
i (Π
i
ab(Φ
µ−1
i ),Φ
(µ−1)c
i ) + Λ
µ−1
i (Λ
µ−1
i (Φ
(µ−1)a
i ,Φ
(µ−1)b
i ),Φ
(µ−1)c
i )
+ 2Λµ−1i (Π
i
ac(Φ
µ−1
i ),Φ
(µ−1)b
i ) + Λ
µ−1
i (Λ
µ−1
i (Φ
(µ−1)a
i ,Φ
(µ−1)c
i )Φ
(µ−1)b
i )
− 2Λµ−1i (Π
i
bc(Φ
µ−1
i ),Φ
(µ−1)a
i ) + Λ
µ−1
i (Λ
µ−1
i (Φ
(µ−1)b
i ,Φ
(µ−1)c
i ),Φ
(µ−1)a
i )
+ 2λi|µ(Π
i
ab(wi), w
c
i )− 2λi|µ(Π
i
ac(wi), w
b
i ) + 2λi|µ(Π
i
bc(wi), w
a
i )
≡µ −2Λ
µ−1
i (Π
i
ab(Φ
µ−1
i ),Φ
(µ−1)c
i ) + 2Λ
µ−1
i (Π
i
ac(Φ
µ−1
i ),Φ
(µ−1)b
i )− 2Λ
µ−1
i (Π
i
bc(Φ
µ−1
i ),Φ
(µ−1)a
i )
+
1
2
[Λµ−1i ,Λ
µ−1
i ](Φ
(µ−1)a
i ,Φ
(µ−1)b
i ,Φ
(µ−1)c
i )
+ 4
m∑
p=1

−Πipc(Φµ−1i (zi, t)) +
n∑
α,β=1
Λ
(µ−1)i
αβ
∂Φ
(µ−1)p
i
∂zαi
∂Φ
(µ−1)c
i
∂zβi

 ∂Πiab
∂wpi
(Φ
(µ−1)
i )
− 4
m∑
p=1

−Πipb(Φµ−1i (zi, t)) +
n∑
α,β=1
Λ
(µ−1)i
αβ
∂Φ
(µ−1)p
i
∂zαi
∂Φ
(µ−1)b
i
∂zβi

 ∂Πiac
∂wpi
(Φ
(µ−1)
i )
+ 4
m∑
p=1

−Πipa(Φµ−1i (zi, t)) +
n∑
α,β=1
Λ
(µ−1)i
αβ
∂Φ
(µ−1)p
i
∂zαi
∂Φ
(µ−1)a
i
∂zβi

 ∂Πibc
∂wpi
(Φ
(µ−1)
i )
≡µ −2Λ
µ−1
i (Π
i
ab(Φ
µ−1
i ),Φ
(µ−1)c
i ) + 2Λ
µ−1
i (Π
i
ac(Φ
µ−1
i ),Φ
(µ−1)b
i )− 2Λ
µ−1
i (Π
i
bc(Φ
µ−1
i ),Φ
(µ−1)a
i )
+
1
2
[Λµ−1i ,Λ
µ−1
i ](f
a
i , f
b
i , f
c
i )
− 4
n∑
p=1
(
Πipc(Φ
µ−1
i (zi, t))
∂Πiab
∂wpi
(Φ
(µ−1)
i )−Π
i
pb(Φ
µ−1
i (zi, t))
∂Πiac
∂wpi
(Φ
(µ−1)
i ) + Π
i
pa(Φ
µ−1
i (zi, t))
∂Πibc
∂wpi
(Φ
(µ−1)
i )
)
+ 2Λµ−1i (Π
i
ab(Φ
(µ−1)
i ),Φ
(µ−1)c
i )− 2Λ
µ−1
i (Π
i
ac(Φ
(µ−1)
i ),Φ
(µ−1)b
i ) + 2Λ
µ−1
i (Π
i
bc(Φ
(µ−1)
i ),Φ
(µ−1)a
i )
≡µ
1
2
F [Λµ−1i ,Λ
µ−1
i ](w
a
i , w
b
i , w
c
i ) ≡µ Fηµ(w
a
i , w
b
i , w
c
i )
Lastly, we show that (2.5.37). It is sufficient to show that π(Γij)(w
p
i , w
q
i ) = (λi|µ − λjµ)(w
p
i , w
q
i ). Indeed,
π(Γij)(w
p
i , w
q
i ) = Λ0(Γij(w
p
i ), f
q
i (zi))− Λ0(Γij(w
q
i ), f
p
i (zi))− Γij(Π0(w
p
i , w
q
i ))
(2.5.50)
≡µ Λ
µ−1
i (Φ
(µ−1)p
i − g
p
ij(Φ
µ−1
j ),Φ
(µ−1)q
i )− Λ
µ−1
i (Φ
(µ−1)q
i − g
q
ij(Φ
µ−1
j ), g
p
ij(Φ
µ−1
j ))−
m∑
α=1
2(Φ
(µ−1)α
i − g
α
ij(Φ
µ−1
j ))
∂Πipq
∂wαi
(Φµ−1i )
≡µ Λ
µ−1
i (Φ
(µ−1)p
i ,Φ
(µ−1)q
i )− Λ
µ−1
i (g
p
ij(Φ
µ−1
i ), g
q
ij(Φ
(µ−1)
i ))−
m∑
α=1
2(Φ
(µ−1)α
i − g
α
ij(Φ
µ−1
j ))
∂Πipq
∂wαi
(Φµ−1i )
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λi|µ(w
p
i , w
q
i ) ≡µ −2Π
i
pq(Φ
µ−1
i ) + Λ
µ−1
i (Φ
(µ−1)p
i ,Φ
(µ−1)q
i )
(2.5.51)
λj|µ(w
p
i , w
q
i ) ≡µ 2
m∑
r,s=1

−Πjrs(Φµ−1j (zj , t)) +
n∑
α,β=1
Λ
(µ−1)j
αβ
∂Φ
(µ−1)r
j
∂zαj
∂Φ
(µ−1)s
j
∂zβj

 ∂gpij
∂wrj
(Φµ−1j )
∂gqij
∂wsj
(Φµ−1j )
(2.5.52)
≡µ −2Π
i
pq(gij(Φ
µ−1
j )) + 2
m∑
α,β=1
Λ
(µ−1)j
αβ
∂gpij(Φ
µ−1
j )
∂zαj
∂gqij(Φ
µ−1
j )
∂zβj
= −2Πipq(gij(Φ
µ−1
j )) + 2
m∑
α,β=1
Λ
(µ−1)i
αβ
∂gpij(Φ
µ−1
j )
∂zαi
∂gqij(Φ
µ−1
j )
∂zβi
≡µ −2Π
i
pq(gij(Φ
µ−1
j )− Φ
µ−1
i +Φ
µ−1
i ) + Λ
µ−1
i (g
p
ij(Φ
µ−1
j ), g
q
ij(Φ
µ−1
j ))
≡µ −2Π
i
pq(Φ
µ−1
i ) +
m∑
α=1
−2(gαij(Φ
µ−1
j )− Φ
(µ−1)α
i )
∂Πipq
∂wαi
(Φµ−1i ) + Λ
µ−1
i (g
p
ij(Φ
µ−1
j ), g
q
ij(Φ
µ−1
j ))
From (2.5.50), (2.5.51), and (2.5.52), we get (2.5.37). 
We will determine φµ,Λµ, and Φi|µ such that φ
µ := φµ−1 + φµ,Λ
µ := Λµ−1+Λµ, and Φ
µ
i := Φ
µ−1
i +Φi|µ
satisfy (2.5.12)µ − (2.5.17)µ.
Lemma 2.5.53. (2.5.12)µ − (2.5.17)µ are equivalent to the following equalities:
∂¯φµ = −ξµ(2.5.54)
∂¯Λµ + [Λ0, φµ] = −ψµ(2.5.55)
[Λ0,Λµ] = −ηµ(2.5.56)
−Ei|µ = ∂¯Φi|µ + Fφµ(2.5.57)
−λi|µ = π(Φi|µ) + FΛµ(2.5.58)
Γij|µ = Φj|µ − Φi|µ(2.5.59)
Remark 2.5.60. (2.5.57) and (2.5.58) are equivalent to
(−Ei|µ,−λi|µ) = Lπ(Φi|µ) + F (φµ,Λµ)(2.5.61)
Proof. (2.5.54), (2.5.55), and (2.5.56) follow from (2.5.19), and (2.5.28). (2.5.59) follows from [Hor75] p.386.
Let us show that (2.5.15)µ is equivalent to (2.5.57). Indeed,
0 ≡µ ∂¯Φ
µ
i + [φ
µ,Φµi ] ≡µ ∂¯Φ
µ−1
i + ∂¯Φi|µ + [φ
µ−1 + φµ,Φ
µ−1 +Φi|µ] ≡µ Ei|µ + ∂¯Φi|µ + [φµ, f ]
It remains to show that (2.5.17) is equivalent to (2.5.58). Indeed, (2.5.17)µ is equivalent to the following.
n∑
α,β=1
(Λ
(µ−1)i
αβ + Λ
i
αβ|µ)
∂(Φ
(µ−1)p
i +Φ
p
i|µ)
∂zαi
∂(Φ
(µ−1)q
i +Φ
q
i|µ)
∂zβi
≡µ Π
i
pq(Φ
µ−1
i +Φi|µ) ≡µ Π
i
pq(Φ
µ−1
i ) +
m∑
r=1
∂Πipq
∂wri
(Φµ−1i )Φ
r
i|µ
⇐⇒ λp,qi|µ +
n∑
α,β=1
Λiαβ(zi)
∂Φpi|µ
∂zαi
∂f qi
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂fpi
∂zαi
∂Φqi|µ
∂zβi
+
n∑
α,β=1
Λiαβ|µ
∂fpi
∂zαi
∂f qi
∂zβi
−
m∑
r=1
∂Πipq
∂wri
(fi)Φ
r
i|µ ≡µ 0
⇐⇒ λi|µ(w
p
i , w
q
i ) + π(Φi|µ)(w
p
i , w
q
i ) + FΛµ ≡µ 0
which comes from the following: for any p, q,
π(Φi|µ)(w
p
i , w
q
i ) = Λ0(Φi|µ(w
p
i ), f
q
i )− Λ0(Φi|µ(w
q
i ), f
q
i )− Φi|µ(Π0(w
p
i , w
q
i ))
= Λ0(Φ
p
i|µ, f
q
i )− Λ0(Φ
q
i|µ, f
p
i )− 2
n∑
r=1
Φri|µ
∂Πipq
∂wri
(fi)

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Lemma 2.5.62. Under the hypothesis of Theorem 2.5.1, we can find
φµ ∈ A
0,1(ΘX), Λµ ∈ A
0,0(∧2ΘX), Φi|µ ∈ Γ(Ui,A
0,0(f∗ΘY ))
satisfying (2.5.54)− (2.5.59).
Proof. From (2.5.39), we can find Γi|µ ∈ Γ(Ui,A
0,0(f∗ΘY )) such that Γij|µ = Γi|µ − Γj|µ. From (2.5.38),
we see that E′i|µ := Ei|µ − ∂¯Γi|µ defines a global section E
′
µ ∈ A
0,1(f∗ΘY ). On the other hand, from
(2.5.37), λ′i|µ := λi|µ − π(Γi|µ) defines a global section λ
′
µ ∈ A
0,0(∧2ΘX). Then E′µ and λ
′
µ satisfy ∂¯E
′
µ =
∂¯Ei|µ = Fξµ, π(E
′
µ) + ∂¯λ
′
µ = π(E
′
i|µ) + ∂¯λi|µ = Fψµ, and π(λ
′
µ) = π(λµ) = Fηµ. Since F : H
2(X,Θ•X) →
H2(X, f∗Θ•Y ) is injective, there exist φ
′
µ and Λ
′
µ such that ∂¯φ
′
µ = −ξµ, ∂¯Λ
′
µ+[Λ0, φ
′
µ] = −ψµ, and [Λ0,Λ
′
µ] =
−ηµ. Then we have ∂¯(E′µ + Fφ
′
µ) = 0, π(λ
′
µ + FΛ
′
µ) = 0, and ∂¯(λ
′
µ + FΛ
′
µ) + π(E
′
µ + Fφ
′
µ) = 0. Since
F : H1(X,Θ•X) → H
1(X, f∗Θ•Y ) is surjective, there exist xµ ∈ A
0,1(ΘX) and yµ ∈ A0,0(∧2ΘX) with ∂¯xµ =
0, ∂¯yµ + [Λ0, xµ] = 0, and [Λ0, yµ] = 0, and there exists Φ
′
µ such that ∂¯Φ
′
µ = Fxµ − (E
′
µ + Fφ
′
µ), π(Φ
′
µ) =
Fyµ − (λ′µ + FΛ
′
µ), equivalently, Lπ(Φ
′
µ) = F (xµ, yµ)− ((E
′
µ, λ
′
µ) + F (φ
′
µ,Λ
′
µ)).
Let φµ := φ
′
µ−xµ, Λµ := Λ
′
µ−yµ, and Φi|µ := Φ
′
µ−Γi|µ. Then ∂¯φµ = ∂¯φ
′
µ = −ξµ, ∂¯Λµ+[Λ0, φµ] = −ψµ,
[Λ0,Λµ] = −ηµ, and we have Lπ(Φi|µ)+F (φµ,Λµ) = −(Ei|µ, λµ). Lastly, Φj|µ−Φi|µ = −Γj|µ+Γi|µ = Γij|µ.

This completes the inductive constructions of formal power series
φ(t) =
∞∑
µ=1
φµ(t), Λ(t) = Λ0 +
∞∑
µ=1
Λµ(t), Φi(zi, t) = fi(zi) +
∞∑
µ=1
Φi|µ(zi, t)(2.5.63)
satisfying (2.5.3)− (2.5.11).

2.5.2. Remark on Proof of convergence.
Though the author could not touch the proof of convergence, it seems that we can formally apply
Horikawa’s method presented in [Hor75] p.389-393 in the context of holomorphic Poisson deformations. But
the author believes that we need a deep understanding of harmonic theories on the operators L = ∂¯+[Λ0,−]
on Θ•X and Lπ = ∂¯ + π on f
∗Θ•Y . If it would turn out that we can formally apply Horikawa’s method, the
proof depends on the following lemma which is the modification of the key lemma in [Hor75] p.390.
Lemma 2.5.64 (conjecture). Suppose that φ ∈ A0,1(ΘX), ψ ∈ A0,0(∧2ΘX), E ∈ A0,1(f∗ΘY ), and a ∈
A0,0(∧2f∗ΘY ) satisfying Lπ((E, a)+F (φ, ψ)) = 0 are given. Then we can find x ∈ A0,1(ΘX), y ∈ A0,0(∧2ΘX),
and Φ ∈ A0,0(f∗ΘY ) in such a way that
(x, y) = 0
(E, a) + F (φ, ψ) = F (x, y) + Lπ(Φ)
|(x, y)|k+α ≪ K2(|(φ,ψ)|k+α + |(E, a)|k+1−α)
|Φ|k+α ≪ K2(|(φ,ψ)|k+α + |(E, a)|k+1−α)
where K2 is a constant which is independent of (φ, ψ), and (E, a). Here  = L
∗L + LL∗, where L∗ is the
adjoint operator of L, and |(−,−)|k+α is defined in a similar way as in [Kim14b].
2.5.3. Construction of a family.
Now assume that the formal power series φ(t),Λ(t) and Φi(zi, t) satisfying (2.5.3)−(2.5.11) constructed in
(2.5.63) converge for |t| < ǫ for a sufficiently small number ǫ. As in [Kim14b], (2.5.5), (2.5.6), and (2.5.7) give
a Poisson analytic family p : (X ,Λ)→M such that p−1(0) = (X,Λ0), and each fiber p
−1(t) is endowed with
a holomorphic Poisson structure determined by φ(t) and Λ(t). From (2.5.8), (2.5.9), (2.5.10), and (2.5.11),
{Φi(zi, t)} defines a holomorphic map Poisson map Φ : (X ,Λ)→ (Y ×M,Π0).
In more detail, on each Ui, there exists n linearly independent C
∞ function ησα = η
σ
α(zα, t) with ∂¯η
σ
α +
[φ, ησα] = 0 and η
σ
α(zα, 0) = z
σ
α such that (η
1
α(zα, t), ..., η
n
j (zα, t), t1, ..., tr) gives complex coordinates on
Uα×M ⊂ X . We have η
σ
α = φ
σ
αβ(ηβ , t) on Uαβ , where φ
σ
αβ are holomorphic functions of (ηβ , t) on Uαβ . Λ is
given by Λα =
∑n
p,q=1 g
α
pq(ηα, t)
∂
∂ηpα
∧ ∂
∂ηqα
on Uα ×M such that gαpq(ηα(zα, t), t) =
∑n
r,s=1 Λ
α
rs(zα, t)
∂ηpα
∂zsα
∂ηqα
∂zsα
.
On the other hand Φ is given by wλα = Ψ
λ
α(ηα, t) on Uα, where Ψ
λ
α are holomorphic functions of (ηα, t).
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Then Φλα(zα, t) = Ψ
λ
α(ηα(zα, t), t) on Uα and Π
i
ab(Ψ
λ
α(ηα(zα, t), t)) =
∑n
r,s=1 Λ
α
rs(zi, t)
∂Ψaα(ηα,t)
∂zrα
∂Ψbα(ηα,t)
∂zsα
=∑n
p,q=1 g
α
pq(ηα(zα, t), t)
∂Ψaα
∂ηpα
∂Ψbα
∂ηqα
so that Ψλα is a holomorphic Poisson map.
Let
(
∂
∂t
)
∈ T0(M) and let “ ˙ ” denote the operation
∂
∂t |t=0. Then we have (see [Kim14b])
∂¯(
n∑
σ=1
η˙σα
∂
∂zσα
) = −φ˙ on Uα,(2.5.65)
n∑
σ=1
η˙σα
∂
∂zσα
=
n∑
σ=1
η˙σβ
∂
∂zσβ
+
n∑
σ=1
φ˙σαβ
∂
∂zσα
, on Uαβ ,(2.5.66)
n∑
p,q=1
Λ˙αpq
∂
∂zpα
∧
∂
∂zqα
−
n∑
p,q=1
g˙αpq
∂
∂zpα
∧
∂
∂zqα
+ [Λ0,
n∑
σ=1
η˙σα
∂
∂zσα
] = 0, on Uα,(2.5.67)
m∑
ρ=1
Φ˙ρα
∂
∂wρα
=
m∑
ρ=1
Ψ˙ρα
∂
∂wρα
+ F (
n∑
σ=1
η˙σα
∂
∂zσα
), on Uα.(2.5.68)
We note that τ
(
∂
∂t
)
is represented by (−
∑m
ρ=1 Ψ˙
ρ
α
∂
∂wρα
,
∑n
σ=1 φ˙
σ
αβ
∂
∂zσα
,
∑n
p,q=1 g˙
α
pq
∂
∂zpα
∧ ∂
∂zqα
) ∈ C0(U , f∗ΘY )⊕
C1(U ,ΘX) ⊕ C0(U ,∧2ΘX). Hence by the isomorphism in the proof of Lemma 2.5.20, τ : T0(M) →
PD(X,Λ0)/(Y,Π0) is bijective. This completes the proof of Theorem 2.5.1.
3. Deformations of holomorphic Poisson maps into a Poisson analytic family
Definition 3.0.69. By a Poisson analytic family of holomorphic Poisson maps into a Poisson analytic
family (Y,Π, q, S), we mean a collection (X ,Λ,Φ, p,M, s) where (X ,Λ, p,M) is a Poisson analytic family,
Φ : (X ,Λ) → (Y,Π) is a holomorphic Poisson map, and s : M → S such that s ◦ p = q ◦ Φ. Two
families (X ,Λ,Φ, p,M, s) and (X ′,Λ′,M ′, s′) are said to be equivalent if there exist a holomorphic Poisson
isomorphism g : (X ,Λ) → (X ′,Λ′) and an isomorphism h : M → M ′ such that the following diagram
commutes
(X ,Λ)
p

g
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
Φ
// (Y,Π)
q

(X ′,Λ′)
p′

Φ′
66♠♠♠♠♠♠♠♠♠♠♠♠♠
M
h
((❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
s
// S
M ′
s′
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧❧
If (X ,Λ,Φ, p,M, s) is a family of holomorphic Poisson maps into (Y,Π, q, S), and h : N →M is a holomor-
phic map, we can define the family (X ′,Λ′,Φ′, p′, N, s′) induced by h as follows.
(1) (X ′,Λ′) = (X ,Λ)×M N .
(2) Φ′ : (X ′,Λ′)→ (Y,Π) in the following way:
(x, t) ∈ (X ,Λ)×M N := (X ′,Λ′)
Φ′
−−−−→ Φ(x) ∈ (Y,Π)
p′
y yq
t ∈ N
s′:=s◦h
−−−−−→ s(h(t)) ∈ S
(3) p′ = pN : (X ′,Λ′)→ N .
Definition 3.0.70. A family (X ,Λ,Φ, p,M, s) of holomorphic Poisson maps into (Y,Π, q, S) is complete
at 0 ∈ M if, for any family (X ′,Λ′,Φ′, p′, N, s′) of holomorphic Poisson maps into (Y,Π, q, S) such that
Φ′0′ : (X
′
0′ ,Λ
′
0′) → (Y,Π) is equivalent to Φ0 : (X0,Λ0) → (Y,Π) for a point 0
′ ∈ N , there exists a
holomorphic map h of a neighborhood U of 0′ in N into M with h(0′) = 0 such that the restriction of
(X ′,Λ′,Φ′, p′, N, s′) on U is equivalent to the family induced by h from (X ,Λ,Φ, p,M, s).
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Remark 3.0.71. Let (X ,Λ,Φ, p,M, s) be a Poisson analytic family of holomorphic Poisson maps into
(Y,Π, q, S), 0 ∈M , (X,Λ0) = (X0,Λ0), and let f˜ : (X,Λ0)→ (Y,Π) be the restriction of Φ to (X,Λ0). Let
F˜ : Θ•X → f˜
∗Θ•Y be the canonical homomorphism. If U = {Ui} is a Stein covering of X, then we have
PD(X,Λ0)/(Y,Π) =
{(τ˜ , ρ, λ) ∈ C0(U , f˜∗ΘY)⊕ C
1(U ,ΘX)⊕ C
0(U ,∧2ΘX)|
−δτ˜=F˜ ρ,π˜(τ˜)=F˜λ
δρ=0,δλ+[Λ0,ρ]=0,[Λ0,λ]=0
}
{(F˜ g,−δg, [Λ0, g])|g ∈ C0(U ,ΘX)}
3.1. Infinitesimal deformations.
Let (X ,Λ,Φ, p,M, s) be a Poisson analytic family of holomorphic Poisson maps into (Y,Π, q, S), 0 ∈M ,
(X,Λ0) = (X0,Λ0), and let f˜ : (X,Λ0)→ (Y,Π) be the restriction of Φ to (X,Λ0). Let 0∗ = s(0), (Y,Π0) =
(Y0∗ ,Π0∗), and let f : (X,Λ0)→ (Y,Π0) be the holomorphic Poisson map induced by Φ. Let F : Θ
•
X → f
∗Θ•Y
be the canonical homomorphism. We shall define a linear map τ : T0(M)→ PD(X,Λ0)/(Y,Π). We may assume
the following:
(1) M is an open set in Cr with coordinates t = (t1, ..., tr) and 0 = (0, ..., 0).
(2) X is covered by a finite number of Stein coordinate neighborhoods Ui Each Ui is covered by a system
of coordinates (zi, t) = (z
1
i , ..., z
n
i , t1, ..., tr) such that p(zi, t) = t.
(3) S is an open set in Cr
′
with a system of coordinate s = (s1, ..., sr
′
) and 0∗ = (0, ..., 0).
(4) Y is covered by a finite number of Stein coordinate neighborhoods Vi with a system of coordi-
nates (wi, s) = (w
1
i , ..., w
m
i , s
1, ..., sr
′
) with q(wi, s) = s, such that Φi(Ui) ⊂ Vi. In terms of these
coordinates Φ is given by Φ(zi, t) = (Φi(zi, t), s(t)) with wi = Φi(zi, t), and let fi(zi) = Φi(zi, 0).
(5) (zi, t) ∈ Ui coincides with (zj , t) ∈ Uj if and only if zi = φij(zj , t). We set bij(zj) = φij(zj, 0).
(6) (wi, s) ∈ Vi coincides with (wj , s) ∈ Vj if and only if wi = ψij(wj , s). We set gij(wj) = ψij(wj , 0).
(7) On Ui, the holomorphic Poisson structure Λ is of the form Λ =
∑n
α,β=1Λ
i
αβ(zi, t)
∂
∂zαi
∧ ∂
∂zβi
. We set
Λiαβ(zi) = Λ
i
αβ(zi, 0) with Λ
i
αβ(zi, t) = −Λ
i
βα(zi, t). Then the holomorphic Poisson structure Λ0 is
of the form Λ0 =
∑n
α,β=1Λ
i
αβ(zi)
∂
∂zαi
∧ ∂
∂zβi
on X ∩ Ui.
(8) On Vi, the holomorphic Poisson structure Π is of the form Π =
∑m
α,β=1Π
i
αβ(wi, s)
∂
∂wαi
∧ ∂
∂wβi
with
Πiαβ(wi, s) = −Π
i
βα(wi, s).
Then we have
Φi(φij(zj , t), t) = ψij(Φj(zj , t), s(t))(3.1.1)
φij(φjk(zk, t)) = φik(zk, t)(3.1.2)
[Λ,Λ] = 0(3.1.3)
n∑
α,β=1
Λjαβ(zj , t)
∂φpij
∂zαj
∂φqij
∂zβj
= Λipq(φij(zj , t), t)(3.1.4)
n∑
α,β=1
Λiαβ(zi, t)
∂Φpi
∂zαi
∂Φqi
∂zβi
= Πipq(Φi(zi, t), s(t))(3.1.5)
We let Ui = X ∩ Ui and denote by U the covering {Ui} of X . For any element
∂
∂t ∈ T0(M), let
−τi =
m∑
β=1
∂Φβi
∂t
|t=0
∂
∂wβi
+
r′∑
v=1
∂sv
∂t
|t=0
∂
sv
∈ Γ(Ui, f˜
∗ΘY)(3.1.6)
ρij =
n∑
α=1
∂φαij
∂t
|t=0
∂
∂zαi
∈ Γ(Uij ,ΘX)(3.1.7)
Λ′i =
n∑
α,β=1
∂Λiαβ(zi, t)
∂t
|t=0
∂
∂zαi
∧
∂
∂zβi
∈ Γ(Ui,∧
2ΘX)(3.1.8)
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Then we claim that
τi − τj = F˜ ρij(3.1.9)
π(τi) = F˜Λ
′
i(3.1.10)
ρjk − ρik + ρij , Λ
′
j − Λ
′
i + [Λ0, ρij ] = 0, [Λ0,Λ
′
i] = 0(3.1.11)
(3.1.9) and (3.1.11) follow from (3.1.1), (3.1.2), (3.1.3) and (3.1.4). It remains to show (3.1.10). It is
sufficient to show that π(τi)(w
p
i , w
q
i ) = F˜ (Λ
′
i)(w
p
i , w
q
i ) for any p, q. We note that by taking the derivative of
(3.1.5) with respect to t and setting t = 0, we get
n∑
α,β=1
∂Λiαβ
∂t
|t=0
∂fpi
∂zαi
∂f qi
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂
∂zαi
(
∂Φpi
∂t
|t=0
)
∂f qi
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂fpi
∂zαi
∂
∂zβi
(
∂Φqi
∂t
|t=0
)(3.1.12)
=
m∑
ρ=1
∂Πipq
∂wρi
(fi, 0)
∂Φρi
∂t
|t=0 +
r′∑
v=1
∂Πipq
∂sv
(fi, 0)
∂sv
∂t
|t=0
Let us consider each side of (3.1.10),
F˜

 n∑
α,β=1
∂Λiαβ(zi, t)
∂t
|t=0
∂
∂zαi
∧
∂
∂zβi

 (wpi , wqi ) = 2
n∑
α,β=1
∂Λiαβ
∂t
|t=0
∂fpi
∂zαi
∂f qi
∂zβi
(3.1.13)
On the other hand,
π(τi)(w
p
i , w
q
i ) = Λ0(τi(w
p
i ), f
q
i )− Λ0(τi(w
q
i ), f
p
i )− τi(Π(w
p
i , w
q
i ))(3.1.14)
= −2
n∑
α,β=1
Λiαβ(zi)
∂
∂zαi
(
∂Φpi
∂t
|t=0
)
∂f qi
∂zβi
+ 2
n∑
α,β=1
Λiαβ(zi)
∂
∂zαi
(
∂Φqi
∂t
|t=0
)
∂fpi
∂zβi
+ 2
m∑
ρ=1
∂Φρi
∂t
|t=0
∂Πipq
∂wρi
(fi, 0) + 2
r′∑
v=1
∂sv
∂t
|t=0
∂Πipq
∂sv
(fi, 0)
Then (3.1.10) follows from (3.1.12), (3.1.13), and (3.1.14).
Hence from (3.1.9), (3.1.10), and (3.1.11), the collection ({τi}, {ρij}, {Λ′i}) defines an element in PD(X,Λ0)/(Y,Π)
and we have a linear map
τ : T0(M)→ PD(X,Λ0)/(Y,Π)
We call τ the characteristic map of the family at 0.
Remark 3.1.15. We have a canonical homomorphism π : PD(X,Λ0)/(Y,Π) → H
1(X,Θ•X) such that π ◦ τ :
T0(M)→ H1(X,Θ•X) gives the Poisson Kodaira-Spencer map of the Poisson analytic family (X ,Λ, p,M).
3.2. Two representations of PD(X,Λ0)/(Y,Π) in terms of f
∗Θ•Y .
Let ρ′ : T0∗(S) → H
1(Y,Θ•Y ) be the Poisson Kodaira-Spencer map of the Poisson analytic family
(Y,Π, q, S) at 0∗. Then each f∗ρ′( ∂∂sv ) ∈ H
1(X, f∗Θ•Y ) is represented by a 1-cocycle (ρ
′
v, γv) = ({ρ
′
vij}, {γvi})
with
ρ′vij =
m∑
λ=1
∂ψλij
∂svj
(fj(zj), 0)
∂
∂wλi
, γvi =
m∑
α,β=1
∂Πiαβ
∂svi
(fi(zi), 0)
∂
∂wαi
∧
∂
∂wβi
Lemma 3.2.1. We have an isomorphism
PD(X,Λ0)/(Y,Π)
=
{(τ, ρ, λ, (θv)) ∈ C0(U , f∗ΘY )⊕ C1(U ,ΘX)⊕ C0(U ,∧2ΘX)⊕ Cr
′
|
−δτ=Fρ+
∑r′
v=1 θ
vρ′v ,π(τ)=Fλ+
∑r′
v=1 θ
vγv
δρ=0,δλ+[Λ,ρ]=0,[Λ,λ]=0 }
{(Fξ,−δξ, [Λ0, ξ], 0)|ξ ∈ C0(U ,ΘX)}
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Proof. Let (τ˜ = {τ˜i}, ρ = {ρij}, λ = {λi}) ∈ C0(U , f˜∗ΘY) ⊕ C1(U ,ΘX) ⊕ C0(U ,∧2ΘX) be a representative
of an element of PD(X,Λ0)/(Y,Π). We write each τ˜i by
τ˜i =
m∑
α=1
τλi
∂
∂wαi
+
r′∑
v=1
θvi
∂
∂svi
, on Ui.
Let τi =
∑m
α=1 τ
λ
i
∂
∂wαi
. From −δτ˜ = F˜ ρ, we get θv = θvi = θ
v
j ∈ C, and −δ(τ) = Fρ+
∑r′
v=1 θ
vρ′v (for the
detail, see [Hor74] p.655). On the other hand, from π(τ˜ ) = Fl, and
π˜(τ˜i) = π(τi) + [
m∑
α,β=1
Πiαβ(wi, si)
∂
∂wαi
∧
∂
∂wβi
,
r′∑
v=1
θv
∂
∂svi
]|wi=fi(zi) = π(τi)−
r′∑
v=1
θvγvi
we have π(τ) = Fl +
∑r′
v=1 θ
vγvi. Then (τ˜ , ρ, λ)→ (τ, ρ, λ, (θ
v)) gives an isomorphism.

Remark 3.2.2. An element (ρ, λ) ∈ H1(X,Θ•X) is in the image of π if and only if (Fρ, Fλ) ∈ H
1(X, f∗Θ•Y )
is contained in the image of f∗ ◦ ρ′ : T0∗(S)→ H1(X, f∗Θ•Y ).
Since f∗ρ′( ∂∂sv ) = (ρ
′
vij , γvi) is a 1-cocycle, δ{ρ
′
vij} = 0 so that there exist ξvi ∈ Γ(Ui,A
0,0(f∗ΘY )) such
that ρ′vij = ξvi − ξvj . Let ϕ˜v := ∂¯ξvi and let χ˜v := π(ξvi)− γvi.
Lemma 3.2.3. We have an isomorphism
PD(X,Λ0)/(Y,Π)
=
(Φ, φ, ψ, (θv)) ∈ A0,0(f∗ΘY )⊕A
0,1(ΘX)⊕A
0,0(∧2ΘX)⊕ C
r′ |
∂¯Φ=Fφ+
∑r′
v=1 θ
vϕ˜v,π(Φ)=Fψ+
∑r′
v=1 θ
vχ˜v ,
∂¯φ=0,∂¯ψ+[Λ0,φ]=0,[Λ0,ψ]=0
}
{(Fξ, ∂¯ξ, [Λ0, ξ], 0|ξ ∈ A0,0(ΘX)}
Proof. Let (τ = {τi}, ρ = {ρij}, λ = {λi}, (θ
v)) be a representative of an element of PD(X,Λ0)/(Y,Π) as in
Lemma 3.2.1. Since δρ = 0, there exists ηi ∈ Γ(Ui,A0,0(ΘX)) such that ρij = ηi − ηj . Then φ := ∂¯ηi ∈
A0,1(ΘX) and ψ := [Λ0, ηi]− λi ∈ A0,0(∧2ΘX). On the other hand, τi − τj = Fηi − Fηj +
∑
v θ
v(ξvi − ξvj).
We define Φi = Fηi−τi+
∑r′
v=1 θ
vξvi on Ui. Then Φ := {Φi} ∈ A0,0(f∗ΘY ) with ∂¯Φ = Fφ+
∑r′
v=1 θ
vϕ˜v, and
π(Φ) = F [Λ0, ηi]−π(τi)+
∑r′
v=1 θ
vπ(ξvi) = F [Λ0, ηi]−Fλi−
∑r′
v=1 θ
vγvi+
∑r′
v=1 θ
vπ(ξvi) = Fψ+
∑r′
v=1 θ
vχ˜v.
Then (τ, ρ, λ, (θv))→ (Φ, φ, ψ, (θv)) gives an isomorphism. 
3.3. Theorem of completeness.
Theorem 3.3.1 (Theorem of completeness). Let (X ,Λ,Φ, p,M, s) be a family of holomorphic Poisson maps
into a family (Y,Π, q, S), 0 ∈ M, (X,Λ0) = (X0,Λ0), and let f˜ : (X,Λ0)→ (Y,Π) be the restriction of Φ to
(X,Λ0). If the characteristic map τ : T0(M)→ PD(X,Λ0)/(Y,Π) is surjective, then the family is complete at
0.
Proof. We extend the arguments in [Hor74] p.655-656 in the context of holomorphic Poisson deformations.
We tried to maintain notational consistency with [Hor74]. Let (X ′,Λ′,Φ′, p′,M ′, s′) be another family
of holomorphic Poisson maps into (Y,Π, q, S). Assume that there exists a point 0′ ∈ M ′ such that the
restriction f˜ ′ : (X ′0′ ,Λ
′
0′) → (Y,Π) to (X
′
0′ ,Λ
′
0′) = p
′−1(0′) is equivalent to f˜ . By defining Ψ = (Φ, p) :
(X ,Λ) → (Y ×M,Π), we have a deformation of holomorphic Poisson maps of f˜ into (Y,Π) over M in the
sense of Definition 2.0.23 such that the following commutative diagram commutes.
(X ,Λ)
Ψ=(Φ,p)
−−−−−→ (Y ×M,Π)
pr1
−−−−→ (Y,Π)
p
y pr2y qy
M −−−−→ M
s
−−−−→ S
Similarly by defining Ψ′ = (Φ′, p′) : (X ′,Λ′)→ (Y ×M ′,Π) over M ′, we have a deformation of holomorphic
Poisson maps of f˜ ′ into (Y,Π) over M ′ in the sense of Definition 2.0.23 such that
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(X ,Λ)
Ψ′=(Φ′,p′)
−−−−−−−→ (Y ×M ′,Π)
pr1
−−−−→ (Y,Π)
p
y pr2y qy
M ′ −−−−→ M ′
s′
−−−−→ S
Then since τ : T0(M)→ PD(X,Λ0)/(Y,Π) is surjective, by Theorem 2.3.1, we have a holomorphic Poisson
maps g : (X ′,Λ′)→ (X ,Λ) and a holomorphic map h : M ′ →M (by replacing M ′ by an open neighborhood
of 0′ if necessary) such that (X ′,Λ′,Ψ′, p′,M ′) is induced by h from (X ,Λ,Ψ, p,M), and the following diagram
commutes.
(X ′,Λ′)
p′

g
((◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
Ψ′=(Φ′,p′)
// (Y ×M ′,Π)

))❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
pr1
// (Y,Π)
q

(X ,Λ)
p

Ψ=(Φ,p)
// (Y ×M,Π)

pr1
66❧❧❧❧❧❧❧❧❧❧❧❧❧❧
M ′
h
((❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
id
// M ′
h
**❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
s′
// S
M
id
// M
s
55❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦❦
which proves Theorem 3.3.1.

3.4. Theorem of existence.
Theorem 3.4.1 (Theorem of existence). Let f : (X,Λ0)→ (Y,Π0) be a holomorphic Poisson map of compact
holomorphic Poisson manifolds. Let (Y,Π, q, S) be a Poisson analytic family, 0∗ ∈ S, (Y,Π0) = (Y0∗ ,Π0∗),
and let ρ′ : T0∗(S)→ H1(Y,Θ•Y ) be the Poisson Kodaira-Spencer map of (Y,Π, q, S). Assume that
(1) H1(X, f∗Θ•Y ) is generated by the image of F : H
1(X,Θ•X)→ H
1(X, f∗Θ•Y ) and the image of f
∗ ◦ ρ′ :
T0∗(S)→ H1(X, f∗Θ•Y ).
(2) F : H2(X,Θ•X)→ H
2(X, f∗Θ•Y ) is injective.
If the formal power series (3.4.46) constructed in the proof converge, then there exists a family (X ,Λ,Φ, p,M, s)
of holomorphic Poisson maps into (Y,Π, q, S) and a point 0 ∈M such that
(1) s(0) = 0∗, (X,Λ0) = p
−1(0) and Φ0 coincides with f ,
(2) τ : T0(M)→ PD(X,Λ0)/(Y,Π) is bijective.
Remark 3.4.2. If f is non-degenerate, then the above condition (1) and (2) are reduced to the following:
P ◦ f∗ ◦ ρ′ : T0∗(S)→ H1(X,N •f ) is surjective.
Proof. We extend the arguments in [Hor74] p.657-660 in the context of holomorphic Poisson deformations.
We tried to keep notational consistency with [Hor74].
We take systems of coordinates on X and on Y as in . Moreover, we assume that Ui = {zi ∈ Cn||zi| < 1}.
Let r = dimPD(X,Λ0)/(Y,Π) and M = {t ∈ C
r||t| < ǫ} with a sufficiently small number ǫ > 0. We regard
X ×M as a differentiable manifold and prove the existence of a vector (0, 1)-form
φ(t) =
n∑
v=1
φvi (zi, t)
∂
∂zvi
=
n∑
v,α=1
φviα(zi, t)dz¯
α
i
∂
∂zvi
and the existence of a bivector field of the form
Λ(t) =
n∑
α,β=1
Λiαβ(zi, t)
∂
∂zαi
∧
∂
∂zβi
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depending holomorphically on t, vector-valued differentiable functions Φi : Ui ×M → Cm depending holo-
morphically on t, and a holomorphic map h :M → Cr
′
, such that
h(0) = 0,(3.4.3)
φ(0) = 0,(3.4.4)
Λ(0) = Λ0,(3.4.5)
∂¯φ+
1
2
[φ, φ] = 0,(3.4.6)
∂¯Λ + [φ,Λ] = 0,(3.4.7)
[Λ,Λ] = 0,(3.4.8)
Φi(zi, 0) = fi(zi),(3.4.9)
∂¯Φi + [φ,Φi] = 0,(3.4.10)
Φi(bij(zj), t) = ψij(Φj(zj , t), h(t)),(3.4.11)
Πipq(Φi(zi, t), h(t)) =
n∑
α,β=1
Λiαβ(zi, t)
∂Φpi
∂zαi
∂Φqi
∂zβi
.(3.4.12)
3.4.1. Existence of formal solutions.
We will prove the existence of formal solutions of φ(t),Λ(t),Φi(zi, t), and h(t) satisfying (3.4.3)−(3.4.12) as
power series in t. Let φ(t) =
∑∞
µ=1 φµ(t),Λ(t) =
∑∞
µ=0,Φi(zi, t) =
∑∞
µ=0Φi|µ(zi, t), and h(t) =
∑∞
µ=0 hµ(t),
where φµ(t),Λµ(t),Φi|µ(t), and hµ(t) are homogenous in t of degree µ, and let φ
µ(t) = φ0(t) + φ1(t) +
· · · + φµ(t),Λµ(t) = Λ0(t) + Λ1(t) + · · · + Λµ(t),Φ
µ
i (zi, t) = Φi|0(zi, t) + Φi|1(zi, t) + · · · + Φi|µ(zi, t), and
hµ(t) = h0(t) + h1(t) + · · ·+ hµ(t). We note that (3.4.3)− (3.4.12) are equivalent to the following system of
congruences:
∂¯φµ +
1
2
[φµ, φµ] ≡µ 0,(3.4.13)
∂¯Λµ + [φµ,Λµ] ≡µ 0,(3.4.14)
[Λµ,Λµ] ≡µ 0,(3.4.15)
∂¯Φµi + [φ
µ,Φµi ] ≡µ 0,(3.4.16)
Φµi (bij(zj), t) ≡µ ψij(Φ
µ
j (zj , t), h
µ(t)),(3.4.17)
Πipq(Φ
µ
i (zi, t), h
µ(t)) ≡µ
n∑
α,β=1
Λµiαβ(zi, t)
∂Φµpi
∂zαi
∂Φµqi
∂zβi
,(3.4.18)
for µ = 1, 2, 3, .... We also recall Remark 2.5.18.
We shall construct solutions φ(t),Λ(t), and Φi(zi, t) of (3.4.3) − (3.4.12) by induction on µ. From
(3.4.3), (3.4.4), and (3.4.5), we set φ0 = 0,Φi|0 = fi(zi),Λi|0 = Λ0, and h0 = 0. For µ = 1, we determine
φ1,Λ1,Φi|1 and h1 as follows: take (Φ
′
1λ,−φ1λ,−Λ1λ, (−θ
v
λ)) ∈ A
0,0(f∗ΘY )⊕A0,1(ΘX)⊕A0,0(∧2ΘX)⊕Cr
′
for λ = 1, ..., r which represent a basis of PD(X,Λ0)/(Y,Π) via the isomorphism in Lemma 3.2.3. Then we
have ∂¯Φ′1λ = −Fφ1λ −
∑r′
v=1 θ
v
λϕ˜v, and π(Φ
′
1λ) = −FΛ1λ −
∑r′
v=1 θ
v
λχ˜v. We set φ1 =
∑r
λ=1 φ1λtλ,Λi|1 =∑r
λ=1 Λ1λtλ,Φi|1 =
∑r
λ=1(Φ
′
1λ +
∑r′
v=1 θ
v
λξvi)tλ, h
v
1 =
∑r
λ=1 θ
v
λtλ. Then (3.4.13)1 − (3.4.18)1 hold. We only
check (3.4.18)1. Indeed, (3.4.18)1 is equivalent to
Πipq(fi +Φi|1, h1) ≡1
n∑
α,β=1
(Λiαβ(zi) + Λ
i
αβ|1)
∂(fpi +Φ
p
i|1)
∂zαi
∂(f qi +Φ
q
i|1)
∂zβi
⇐⇒
m∑
α=1
Φαi|1
∂Πipq
∂wαi
(fi, 0) +
r′∑
v=1
hv1
∂Πipq
∂svi
(fi, 0) =
n∑
α,β=1
Λiαβ(zi)
∂Φpi|1
∂zαi
∂f qi
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂fpi
∂zαi
∂Φqi|1
∂zβi
+
n∑
α,β=1
Λiαβ|1
∂fpi
∂zαi
∂f qi
∂zβi
⇐⇒ π(Φi|1) + FΛi|1 −
r′∑
v=1
hvi γvi = 0
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On the other hand, we have
r∑
λ=1

π(Φ′1λ) +
r′∑
v=1
θvλπ(ξvi) + FΛ1λ −
r′∑
v=1
θvλh
v
i γvi

 tλ = r∑
λ=1

π(Φ′1λ) +
r′∑
v=1
θvλχ˜v + FΛ1λ

 tλ = 0.
Hence induction holds for µ = 1.
Now assume that φµ−1,Λµ−1,Φµ−1i , and h
µ−1 satisfying (3.4.13)µ−1 − (3.4.18)µ−1 are already deter-
mined. We define homogeneous polynomials ξµ ∈ A0,2(ΘX), ψµ ∈ A0,1(∧2ΘX), and ηµ ∈ A0,0(∧2ΘX),
Ei|µ ∈ Γ(Ui,A
0,1(f∗ΘY )), Γij|µ ∈ Γ(Uij ,A
0,0(f∗ΘY )) and λi|µ ∈ Γ(Ui,A
0,0(∧2f∗ΘY )) by the following
congruences:
ξµ ≡µ φ
µ−1 +
1
2
[φµ−1, φµ−1],(3.4.19)
ψµ ≡µ ∂¯Λ
µ−1 + [φµ−1,Λµ−1](3.4.20)
ηµ ≡µ
1
2
[Λµ,Λµ](3.4.21)
Ei|µ ≡µ
m∑
α=1
(Φµ−1i + [φ
µ−1,Φµ−1i ])
∂
∂wαi
(3.4.22)
Γij|µ ≡µ
m∑
α=1
(Φ
(µ−1)α
i − φ
α
ij(Φ
µ−1
j , h
µ−1)
∂
∂wαi
(3.4.23)
λi|µ ≡µ
m∑
p,q=1
λp,qi|µ
∂
∂wpi
∧
∂
∂wqi
(3.4.24)
m∑
p,q=1

−Πipq(Φµi (zi, t), hµ(t)) +
n∑
α,β=1
Λiαβ(zi, t)
∂Φµpi
∂zαi
∂Φµqi
∂zβi

 ∂
∂wpi
∧
∂
∂wqi
.
We also recall Remark 2.5.27.
Lemma 3.4.25. We have the following equalities:
∂¯ξµ = 0, in Γ(X,A
0,3(ΘX)),(3.4.26)
∂¯ψµ + [Λ0, ξµ] = 0, in Γ(X,A
0,2(∧2ΘX)),(3.4.27)
∂¯ηµ + [Λ0, ψµ] = 0, in Γ(X,A
0,1(∧3ΘX)),(3.4.28)
[Λ0, ηµ] = 0, in Γ(X,A
0,0(∧4ΘX))(3.4.29)
∂¯Ei|µ = Fξµ, in Γ(Ui,A
0,2(f∗ΘY )),(3.4.30)
π(Ei|µ) + ∂¯λi|µ = Fψµ, in Γ(Ui,A
0,1(∧2f∗ΘY )),(3.4.31)
π(λi|µ) = Fηµ, in Γ(Ui,A
0,0(∧3f∗ΘY )),(3.4.32)
Ei|µ − Ej|µ = ∂¯Γij|µ, in Γ(Uij ,A
0,1(f∗ΘY )),(3.4.33)
λi|µ − λj|µ = π(Γij|µ), in Γ(Uij ,A
0,0(∧2f∗ΘY )),(3.4.34)
Γjk|µ − Γik|µ + Γij|µ = 0, in Γ(Uijk,A
0,0(f∗ΘY )).(3.4.35)
We aslo recall Remark 2.5.40.
Proof. The proofs are similar to Lemma 2.5.29. 
We will determine φµ,Λµ,Φi|µ, and hµ such that φ
µ := φµ−1 + φµ,Λ
µ := Λµ−1 +Λµ,Φ
µ
i := Φ
µ−1
i +Φi|µ,
and hµ := hµ−1 + hµ satisfy (3.4.13)µ − (3.4.18)µ.
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Lemma 3.4.36. (3.4.19)µ − (3.4.24)µ are equivalent to
−ξµ = ∂¯φµ(3.4.37)
−ψµ = ∂¯Λµ + [Λ0, φµ](3.4.38)
−ηµ = [Λ0,Λµ](3.4.39)
−Ei|µ = ∂¯Φi|µ + Fφµ(3.4.40)
−λi|µ = π(Φi|µ) + FΛµ −
r′∑
v=1
hvµΠ˜
′
vi,(3.4.41)
Γij|µ = Φj|µ − Φi|µ +
r′∑
v=1
hvµρ˜
′
vij(3.4.42)
where Φi =
∑m
α=1Φ
α
i
∂
∂wαi
∈ Γ(Ui, f∗ΘY ), ρ˜′vij =
∑m
α=1
ψαij
∂svj
(fj(zj), 0)
∂
∂wαi
, and Π˜′vi =
∑m
α,β=1
∂Πiαβ
∂svi
(fj(zj), 0)
∂
∂wαi
∧
∂
∂wβi
.
Remark 3.4.43. (3.4.40) and (3.4.41) are equivalent to
(−Ei|µ,−λi|µ +
r′∑
v=1
hvµΠ˜
′
vi) = Lπ(Φi|µ) + F (φµ,Λµ)(3.4.44)
Proof. The proofs are similar to Lemma 2.5.53. Here we only prove that (3.4.12)µ is equivalent to (3.4.41).
Indeed, (3.4.12) is equivalent to the following.
n∑
α,β=1
(Λ
(µ−1)i
αβ + Λ
i
αβ|µ)
∂(Φ
(µ−1)p
i +Φ
p
i|µ)
∂zαi
∂(Φ
(µ−1)q
i +Φ
q
i|µ)
∂zβi
≡µ Π
i
pq(Φ
µ−1
i +Φi|µ, h
µ−1 + hµ) ≡µ Π
i
pq(Φ
µ−1
i , h
µ−1) +
m∑
r=1
∂Πipq
∂wri
(Φµ−1i , h
µ−1)Φri|µ +
r′∑
v=1
∂Πipq
∂sv
(Φµ−1i , h
µ−1)hvµ
⇐⇒ λp,qi|µ +
n∑
α,β=1
Λiαβ(zi)
∂Φpi|µ
∂zαi
∂f qi
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂fpi
∂zαi
∂Φqi|µ
∂zβi
+
n∑
α,β=1
Λiαβ|µ
∂fpi
∂zαi
∂f qi
∂zβi
−
m∑
r=1
∂Πipq
∂wri
(fi, 0)Φ
r
i|µ −
r′∑
v=1
∂Πipq
∂sv
(fi, 0)h
v
µ ≡µ 0
⇐⇒ λi|µ(w
p
i , w
q
i ) + π(Φi|µ)(w
p
i , w
q
i ) + FΛµ(w
p
i , w
q
i )−
r′∑
v=1
hvµΠ˜
′
vi(w
p
i , w
q
i ) ≡µ 0
which follows from the following: for any p, q,
π(Φi|µ)(w
p
i , w
q
i ) = Λ0(Φi|µ(w
p
i ), f
q
i )− Λ0(Φi|µ(w
q
i ), f
q
i )− Φi|µ(Π0(w
p
i , w
q
i ))
= Λ0(Φ
p
i|µ, f
q
i )− Λ0(Φ
q
i|µ, f
p
i )− 2
n∑
r=1
Φri|µ
∂Πipq
∂wri
(fi, 0)

Lemma 3.4.45. Under the hypothesis of Theorem 3.4.1, we can find
φµ ∈ A
0,1(ΘX), Λµ ∈ A
0,0(∧2ΘX), Φi|µ ∈ Γ(Ui,A
0,0(f∗ΘY )), hµ = (h
v
µ) ∈ C
r′
satisfying (3.4.37)− (3.4.42).
Proof. From (3.4.35), we can find Γi|µ ∈ Γ(Ui,A
0,0(f∗ΘY )) such that Γij|µ = Γi|µ − Γj|µ. From (3.4.33)
E′i|µ := Ei|µ−∂¯Γi|µ defines a global section E
′
µ ∈ A
0,1(f∗ΘY ). On the other hand, from (3.4.34), λ
′
i|µ := λi|µ−
π(Γi|µ) defines a global section λ
′
µ ∈ A
0,0(∧2f∗ΘY ). Then E′µ and λ
′
µ satisfy ∂¯E
′
µ = ∂¯Ei|µ = Fξµ, π(E
′
µ) +
∂¯λ′µ = π(E
′
i|µ) + ∂¯λi|µ = Fψµ, and π(λ
′
µ) = π(λµ) = Fηµ. Since F : H
2(X,Θ•X) → H
2(X, f∗Θ•Y ) is
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injective, there exist φ′µ and Λ
′
µ such that ∂¯φ
′
µ = −ξµ, ∂¯Λ
′
µ + [Λ0, φ
′
µ] = −ψµ, and [Λ0,Λ
′
µ] = −ηµ. Then
we have ∂¯(E′µ + Fφ
′
µ) = 0, π(λ
′
µ + FΛ
′
µ) = 0, and ∂¯(λ
′
µ + FΛ
′
µ) + π(E
′
µ + Fφ
′
µ) = 0. Since H
1(X, f∗Θ•Y ) is
generated by the image of F : H1(X,Θ•X)→ H
1(X, f∗Θ•Y ) and the image of f
∗ ◦ρ′ : T0∗(S)→ H1(X, f∗Θ•Y ),
there exist xµ ∈ A0,1(ΘX), yµ ∈ A0,0(∧2ΘX) with ∂¯xµ = 0, ∂¯yµ + [Λ0, xµ] = 0, and [Λ0, yµ] = 0, and
there exist Φ′µ ∈ A
0,0(f∗ΘY ), and hµ = (h
v
µ) ∈ C
r′ such that ∂¯Φ′µ = Fxµ −
∑r′
v=1 h
v
µa˜v − (E
′
µ + Fφ
′
µ),
π(Φ′µ) = Fyµ−
∑r′
v=1 h
v
µb˜v − (λ
′
µ +Fφ
′
µ), equivalently, Lπ(Φ
′
µ) = F (xµ, yµ)−
∑r′
v=1 h
v
µ(a˜v, b˜v)− ((E
′
µ, λ
′
µ) +
F (φ′µ,Λ
′
µ)) where each (a˜v, b˜v) ∈ A
0,1(f∗ΘY ) ⊕ A0,0(∧2f∗ΘY ) represents the cohomology class f∗ρ′
(
∂
∂sv
)
which is determined in the following way: we take ξvi ∈ Γ(Ui,A0,0(f∗ΘY ) such that ξvi − ξvj = ρ˜′vij . Then
f∗ρ′
(
∂
∂sv
)
= ({ρ˜vij}, {Π˜vi) ∈ C1(U , f∗ΘY ) ⊕ C0(U ,∧2ΘY ) corresponds to (∂¯ξvi, π(ξvi) − Π˜vi) = (a˜v, b˜v) ∈
A0,1(f∗ΘY )⊕A0,0(∧2f∗ΘY ).
Let φµ := φ
′
µ − xµ,Λµ := Λ
′
µ − yµ, and Φi|µ := Φ
′
µ − Γi|µ +
∑r′
v=1 h
v
µξvi. Then ∂¯φµ = ∂¯φ
′
µ = −ξµ, ∂¯Λµ +
[Λ0, φµ] = −ψµ, [Λ0,Λµ] = −ηµ, and we have Lπ(Φ
′
µ) + F (φµ,Λµ) = −
∑r′
v=1 h
v
µ(a˜v, b˜v) − (Ei|µ, λµ) +
(∂¯Γi|µ, π(Γi|µ)) = −
∑r′
v=1 h
v
µ(ξvi, π(ξiv)) +
∑r′
v=1(0, h
v
µΠ˜iv) − (Ei|µ, λµ) + (∂¯Γi|µ, π(Γi|µ)) so that we get
Lπ(Φi|µ)+F (φµ,Λµ) = (−Ei|µ,−λµ+
∑r′
v=1 h
v
µΠ˜iv). Lastly, Φj|µ−Φi|µ = −Γj|µ+Γi|µ+
∑r′
v=1 h
v
µ(ξvj−ξvi) =
Γij|µ −
∑r′
v=1 h
v
µρ˜
′
vij . 
This completes the inductive constructions of formal power series
φ(t) =
∞∑
µ=1
φµ(t), Λ(t) = Λ0 +
∞∑
µ=1
Λµ(t), Φi(zi, t) = fi(zi) +
∞∑
µ=1
Φi|µ(zi, t), h(t) =
∞∑
µ=1
hµ(t)(3.4.46)
satisfying (3.4.3)− (3.4.12).
3.4.2. Proof of convergence.
As in Theorem 2.5.1, the author could not prove the convergence of the formal power series.
3.4.3. Construction of a family.
Now we assume that our construction φ(t),Λ(t),Φi(t) and h(t) converge for |t| < ǫ for a sufficiently small
number ǫ > 0. By the same arguments in subsection 2.5.3, we have a Poisson analytic family p : (X ,Λ)→M
with p−1(0) = (X,Λ0), and a holomorphic Poisson map Φ : (X ,Λ) → (Y,Π), and a holomorphic map
h :M → S such that q ◦ Φ = h ◦ p such that s(0) = 0∗ and Φ induces f on (X,Λ0). It remains to show τ is
bijective. We keep the notations in subsection 2.5.3. Then we have (2.5.65), (2.5.66), (2.5.67), and (2.5.68).
We note that τ
(
∂
∂t
)
is represented by (−
∑m
ρ=1 Ψ˙
ρ
α
∂
∂wρα
−
∑r′
v=1 h˙
v ∂
∂svα
,
∑n
σ=1 φ˙
σ
αβ
∂
∂zσα
,
∑n
p,q=1 g˙
α
pq
∂
∂zpα
∧
∂
∂zqα
) ∈ C0(U , f˜∗ΘY)⊕C1(U ,ΘX)⊕ C0(U ,∧2ΘX). By the isomorphisms in the proofs of Lemma 3.2.1, and
Lemma 3.2.3, τ is bijective. This completes the proof of Theorem 3.4.1.

4. Stability of holomorphic Poisson manifolds over (Y,Π0)
Theorem 4.0.47 (compare Theorem C.0.10). Let f : (X,Λ0) → (Y,Π0) be a holomorphic Poisson map of
compact holomorphic Poisson manifolds, where X is compact. Assume that
(1) F : H1(X,Θ•X)→ H
1(X, f∗Θ•Y ) is surjective.
(2) F : H2(X,Θ•X)→ H
2(X, f∗Θ•Y ) is injective.
Then for any family q : (Y,Π)→M of holomorphic Poisson manifolds such that (Y,Π0) = q−1(0) for some
point 0 ∈M , if the formal power series (4.0.50) constructed in the proof converge, then there exist
(1) an open neighborhood N of 0,
(2) a family p : (X ,Λ)→ N of deformations of (X,Λ0) = p−1(0),
(3) a holomorphic Poisson map p : (X ,Λ)→ (Y|N ,Π|N ) over N which induces f over 0 ∈ N .
Remark 4.0.48. If f is non-degenerate, two conditions (1) and (2) are equivalent to H1(X,N •f ).
Remark 4.0.49. Let X be a compact holomorphic Poisson submanifold of (Y,Λ0) so that we have a Poisson
embedding i : X →֒ (Y,Λ0). By Lemma D.0.22, if H1(X,N •X/Y ) = 0, then we have H
1(X,N •i ) = 0 so that
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(X,Λ0) is a stable holomorphic Poisson submanifold of (Y,Λ0) provided that the formal power series in
Theorem 4.0.47 converge. This was already proved in [Kim15].
Proof of Theorem 4.0.47 . We extend the arguments in [Hor74] p.660-661 in the context of holomorphic
Poisson deformations. We tried to maintain notational consistency with [Hor74]. Let dimPD(X,Λ0)/(Y,Π0) =
r. We may assume that M = {t = (tλ) ∈ Cr||t| < ǫ}. We will construct formal power series satisfying
(3.4.3) − (3.4.12) with h(t) = t by induction on µ in the exact same way to the proof of Theorem 3.4.1.
We keep the notations in the proof of Theorem 3.4.1 with s = t and h(t) = t. For each λ = 1, ..., r,
let (ϕ˜λ, χ˜λ) ∈ A0,1(f∗ΘY ) ⊕ A0,0(∧2f∗ΘY ) with Lπ(ϕ˜λ, χ˜λ) = 0 be a representative of the cohomology
class of ({ρ′λij}, {γλi}) ∈ C
1(U , f∗ΘY )⊕ C0(U ,∧2f∗ΘY ) where ρ′λij =
∑m
α=1
∂ψαij
∂tλj
(fj(zj), 0)
∂
∂wαi
, and γλi =∑m
α,β=1
∂Πiαβ
∂tλi
(fj(zj), 0)
∂
∂wαi
∧ ∂
∂wβi
. Then we can find ξλij ∈ Γ(Ui,A0,0(f∗ΘY )) such that ρ′λij = ξλi − ξλj
such that ϕ˜λ = ∂¯ξλi, and χ˜v = π(ξλi)− γλi.
Since F : H1(X,Θ•X) → H
1(X, f∗Θ•Y ) is surjective, there exist Φ
′
iλ ∈ A
0,0(f∗ΘY ), φ1λ ∈ A0,1(ΘX), and
Λ1λ ∈ A
0,0(∧2ΘX) such that ∂¯Φ
′
1λ = −Fφ1λ − ϕ˜λ, and π(Φ
′
iλ) = −FΛiλ − χ˜λ with L(φ1λ + Λ1λ) = 0.
We set φ1 =
∑r
λ=1 φ1λtλ,Λ1 =
∑r
λ=1 Λ1λ,Φi|1 =
∑r
λ=1(Φ
′
1 + ξλi)tλ. Then φ1,Λ1,Φi|1 and h
λ
1 = tλ satisfy
(3.4.13)1 − (3.4.18)1 so that induction holds for µ = 1. Let us assume that induction holds for µ− 1. Then
we have (3.4.19) − (3.4.24), Lemma 3.4.25 and Lemma 3.4.36 with hµ(t) = 0, hvµ = 0, and r
′ = r. Since
F : H1(X,Θ•X) → H
1(X, f∗Θ•Y ) is surjective and F : H
2(X,Θ•X) → H
2(X, f∗Θ•Y ) is injective, we have
Lemma (3.4.45) with hµ = 0 so that we have formal power series
φ(t) =
∞∑
µ=1
φµ(t), Λ(t) = Λ0 +
∞∑
µ=1
Λµ(t), Φi(zi, t) = fi(zi) +
∞∑
µ=1
Φi|µ(zi, t).(4.0.50)
satisfying (3.4.3) − (3.4.12). Now assume that (4.0.50) converge for |t| < ǫ′ for a sufficiently small number
ǫ′ > 0. Then as in subsection 3.4.3, we can construct a Poisson analytic family p : (X ,Λ)→ N of deformations
of (X,Λ0) = p
−1 and a holomorphic Poisson map p : (X ,Λ)→ (Y|N ,Π|N ) which induces f over 0 ∈ N . 
5. Deformations of compositions of holomorphic Poisson maps
Theorem 5.0.51. Let f : (X,Λ0)→ (Y,Π0), g : (Y,Π0)→ (Z,Ω0) and h = g ◦ f . We assume that
(1) X and Y are compact.
(2) g is non-degenerate and the canonical homomorphism f∗G : f∗Θ•Y → h
∗Θ•Z is injective, where G
denotes the injective homomorphism Θ•Y → g
∗Θ•Z (see Appendix A).
(3) there exist a family (Y,Π,Ψ, q, N) of holomorphic Poisson maps into (Z,Ω0) and a point 0
′ ∈ N
such that (Y,Π0) = q
−1(0′) and such that Ψ induces g on (Y,Π0).
(4) the composition f∗ ◦ τ : T0′(N) → H0(X, f∗N •g ) is surjective, where τ : T0′(N) → H
0(Y,N •g ) is
the characteristic map of (Y,Π,Ψ, q, N) at 0′, and f∗ : H0(Y,N •g ) → H
0(X, f∗N •g ) is the pullback
homomorphism.
Let (X ,Λ,Υ, p,M) be a family of holomorphic Poisson maps into (Z,Ω0) and let 0 be a point in M such
that (X,Λ0) = p
−1(0) and that Υ induces h on X. Then there exist
(1) an open neighborhood M ′ of 0,
(2) a holomorphic map s : M ′ → N ,
(3) a holomorphic Poisson map Φ : (X|M ′ ,Λ|M ′)→ (Y,Π),
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such that s(0) = 0′, Φ induces f on (X,Λ0), and the diagram
(zi, t) ∈ (X|M ′ ,Λ|M ′)
p|M′

Φ
**❱❱
❱❱
❱❱❱
❱❱
❱❱❱
❱❱
❱❱❱
❱
Υ|M′
// (yi, s(t)) ∈ (Z ×N,Ω0)
pr2

(wi, s) ∈ (Y,Π)
q

Ψ
33❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
t ∈M ′
s
++❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
s
// s ∈ N
s ∈ N
id
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
commutes.
Proof. We extend the arguments in [Hor74] p.662-664 in the context of holomorphic Poisson deformations.
We tried to keep notational consistency with [Hor74]. We may assume the following:
(1) M = {t ∈ Cr||t| < ǫ}, 0 = (0, ..., 0), N = {s ∈ Cr
′
||s| < 1}, and 0′ = (0, ..., 0), where ǫ > 0 is a
sufficiently small number.
(2) X (resp. Y) is covered by a finite number of coordinate neighborhoods Ui (resp. Vi) and each Ui
(resp. Vi) is covered by a system of coordinates (zi, t) (resp. (wi, s)) such that p(zi, t) = t (resp.
q(wi, s) = s). Moreover, each Ui is a polydisc {(zi, t)||zi| < 1, |t| < ǫ}. We set Ui = Ui ∩ X and
Vi = Vi ∩ Y .
(3) I ⊂ J , and f(Ui) is contained in Vi for each i ∈ I. f is given by wi = fi(zi) on Ui.
(4) for each i ∈ J , there exists a coordinate neighborhood Wi on Z such that Υ(Ui) ∈Wi ×M for i ∈ I
and Ψ(Vi) ⊂Wi ×N for i ∈ J .
(5) Each Wi is covered by a system of coordinates yi.
(6) Υ and Ψ, respectively, given by yi = Υi(zi, t), and yi = Ψi(wi, s).
(7) (zi, t) ∈ Ui and (wi, s) ∈ Vi coincides with (zj , t) ∈ Uj and (wj , s) ∈ Vj , respectively, if and only if
zi = φij(zk, t) and wi = ψij(wj , s).
(8) On Ui, Λ is given by
∑n
α,β=1 Λ
i
αβ(zi, t)
∂
∂zαi
∧ ∂
∂zβi
with Λiαβ(zi, t) = −Λ
i
βα(zi, t).
(9) On Vi, Π is given by
∑m
α,β=1Π
i
αβ(wi, s)
∂
∂wαi
∧ ∂
∂wβi
with Πiαβ(wi, s) = −Π
i
αβ(wi, s).
(10) yi ∈ Wi coincides with yj ∈ Wj if and only if yi = eij(yj).
(11) On Wi, Ω is given by
∑l
α,β=1Ω
i
αβ(yi)
∂
∂yαi
∧ ∂
∂yβi
with Ωiαβ(yi) = −Ω
i
βα(yi).
We set gi(wi) = Ψi(wi, 0), h(zi) = Υi(zi, 0), bij(zj) = φij(zj, 0), and cij(wj) = ψij(wj , 0).
We shall construct holomorphic functions
s = (sv) :M → Cr
′
, Φi : Ui → C
m, (i ∈ I)
such that
s(0) = 0, Φi(zi, 0) = fi(zi), on Ui (i ∈ I),(5.0.52)
Φi(φij(zj , t), t) = ψij(Φj(zj , t), s(t)), on Uij (i, j ∈ I),(5.0.53)
Υi(zi, t) = Ψi(Φi(zi, t), s(t)), on Ui (i ∈ I),(5.0.54)
Πipq(Φi(zi, t), s(t)) =
n∑
α,β=1
Λiαβ(zi, t)
∂Φpi (zi, t)
∂zαi
∂Φqi (zi, t)
∂zβi
, on Ui (i ∈ I).(5.0.55)
5.0.4. Existence of formal solutions.
We will prove the existence of formal solutions of s(t) and Φi(zi, t) satisfying (5.0.52)−(5.0.55) as power se-
ries in t. Let s(t) =
∑∞
µ=0 sµ(t), and Φi(zi, t) =
∑∞
µ=0Φi|µ(zi, t), where sµ(t) and Φi|µ(zi, t) are homogenous
in t of degree µ, and let sµ(t) = s0(t)+s1(t)+· · ·+sµ(t), and Φ
µ
i (zi, t) = Φi|0(zi, t)+Φi|1(zi, t)+· · ·+Φi|µ(zi, t).
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We note that (5.0.52)− (5.0.55) are equivalent to the following congruences:
Φµi (φij(zj , t), t) ≡µ ψij(Φ
µ
j (zj , t), s
µ(t)), on Uij(i, j ∈ I),(5.0.56)
Υ(zi, t) ≡µ Ψi(Φ
µ
i (zi, t), s
µ(t)), on Ui(i ∈ I),(5.0.57)
Πipq(Φ
µ−1
i (zi, t), s) ≡µ
n∑
α,β=1
Λiαβ(zi, t)
∂Φµpi (zi, t)
∂zαi
∂Φµqi (zi, t)
∂zβi
, on Ui(i ∈ I).(5.0.58)
for µ = 0, 1, 2, · · · .
We shall construct formal solutions of s(t) and Φi(zi, t) satisfying (5.0.52) − (5.0.55) by induction on µ.
We set s0 = 0, and Φi|0 = fi(zi). Then the induction holds for µ = 0.
Suppose that we have already determined sµ−1 and Φµi satisfying (5.0.56)µ−1 − (5.0.58)µ−1. We define
homogenous polynomials Γij|µ ∈ Γ(Uij , f
∗ΘY ), γi|µ ∈ Γ(Ui, h
∗ΘZ) and λi|µ ∈ Γ(Ui,∧
2f∗ΘY ) of degree µ by
the following congruences:
Γij|µ ≡µ
m∑
α=1
(Φ
(µ−1)α
i (φij , t)− ψ
α
ij(Φ
µ−1
j , s
µ−1)
∂
∂wαi
(5.0.59)
−γi|µ ≡µ
l∑
β=1
(Υβi −Ψ
β
i (Φ
µ−1
i , s
µ−1))
∂
∂yβi
(5.0.60)
λi|µ ≡µ
m∑
p,q=1
λp,qi|µ
∂
∂wpi
∧
∂
∂wqi
(5.0.61)
≡µ
m∑
p,q=1

−Πipq(Φµ−1i (zi, t), sµ−1) +
n∑
α,β=1
Λiαβ(zi, t)
∂Φ
(µ−1)p
i (zi, t)
∂zαi
∂Φ
(µ−1)q
i (zi, t)
∂zβi

 ∂
∂wpi
∧
∂
∂wqi
.
Lemma 5.0.62.
Γij|µ − Γik|µ + Γij|µ = 0,(5.0.63)
πf (λi|µ) = 0(5.0.64)
λj|µ − λi|µ + πf (Γij|µ) = 0(5.0.65)
γi|µ − γj|µ = (f
∗G)Γij|µ(5.0.66)
πh(γi|µ) = (f
∗G)λi|µ(5.0.67)
Proof. For (5.0.63) and (5.0.66), see [Hor74] p.663. We show (5.0.64). It is sufficient to show that πf (λi|µ)(w
a
i , w
b
i , w
c
i ) =
0 for any a, b, c. Indeed, since [Λi,Λi] = 0, and [Πi,Πi] = 0, we have
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πf (λi|µ)(w
a
i , w
b
i , w
c
i )
= Λ0(λi|µ(w
a
i , w
b
i ), f
c
i (zi))− Λ0(λi|µ(w
a
i , w
c
i ), f
b
i (z)) + Λ0(λi|µ(w
b
i , w
c
i ), f
a
i (z))
+ λi|µ(Π0(w
a
i , w
b
i ), w
c
i )− λi|µ(Π0(w
a
i , w
c
i ), w
b
i ) + λi|µ(Λ0(w
b
i , w
c
i ), w
a
i )
≡µ −2Λi(Π
i
ab(Φ
µ−1
i , s
µ−1),Φ
(µ−1)c
i ) + Λi(Λi(Φ
(µ−1)a
i ,Φ
(µ−1)b
i ),Φ
(µ−1)c
i )
+ 2Λi(Π
i
ac(Φ
µ−1
i , s
µ−1),Φ
(µ−1)b
i )− Λi(Λi(Φ
(µ−1)a
i ,Φ
(µ−1)c
i ),Φ
(µ−1)b
i )
− 2Λi(Π
i
bc(Φ
µ−1
i , s
µ−1),Φ
(µ−1)a
i ) + Λi(Λi(Φ
(µ−1)b
i ,Φ
(µ−1)c
i ),Φ
(µ−1)a
i )
+ 2λi|µ(Π
i
ab(wi, s), w
c
i )− 2λi|µ(Π
i
ac(wi, s), w
b
i ) + 2λi|µ(Π
i
bc(wi, s), w
a
i )
≡µ −2Λi(Π
i
ab(Φ
µ−1
i , s
µ−1),Φ
(µ−1)c
i ) + 2Λi(Π
i
ac(Φ
µ−1
i , s
µ−1),Φ
(µ−1)b
i )− 2Λi(Π
i
bc(Φ
µ−1
i , s
µ−1),Φ
(µ−1)a
i )
+ 4
n∑
p=1

−Πipc(Φµ−1i , sµ−1) +
n∑
α,β=1
Λiαβ(zi, t)
∂Φ
(µ−1)p
i
∂zαi
∂Φ
(µ−1)c
i
∂zβi

 ∂Πiab
∂wpi
(Φµ−1i , s
µ−1)
− 4
n∑
p=1

−Πipb(Φµ−1i , sµ−1) +
n∑
α,β=1
Λiαβ(zi, t)
∂Φ
(µ−1)p
i
∂zαi
∂Φ
(µ−1)b
i
∂zβi

 ∂Πiac
∂wpi
(Φµ−1i , s
µ−1)
+ 4
n∑
p=1

−Πipa(Φµ−1i , sµ−1) +
n∑
α,β=1
Λiαβ(zi, t)
∂Φ
(µ−1)p
i
∂zαi
∂Φ
(µ−1)a
i
∂zβi

 ∂Πibc
∂wpi
(Φµ−1i , s
µ−1)
≡µ −2Λi(Π
i
ab(Φ
µ−1
i , s
µ−1),Φ
(µ−1)c
i ) + 2Λi(Π
i
ac(Φ
µ−1
i , s
µ−1),Φ
(µ−1)b
i )− 2Λi(Π
i
bc(Φ
µ−1
i , s
µ−1),Φ
(µ−1)a
i )
− 4
n∑
p=1
(
Πipc(Φ
µ−1
i , s
µ−1)
∂Πiab
∂wpi
(Φµ−1i , s
µ−1)−Πipb(Φ
µ−1
i , s
µ−1)
∂Πiac
∂wpi
(Φµ−1i , s
µ−1) + Πipa(Φ
µ−1
i , s
µ−1)
∂Πibc
∂wpi
(Φµ−1i , s
µ−1)
)
+ 4
n∑
α,β=1
Λiαβ(zi, t)
∂Πiab(Φ
µ−1
i , s
µ−1)
∂zαi
∂Φ
(µ−1)c
i
∂zβi
− 4
n∑
α,β=1
Λiαβ(zi, t)
∂Πiac(Φ
µ−1
i , s
µ−1)
∂zαi
∂Φ
(µ−1)b
i
∂zβi
+ 4
n∑
α,β=1
Λiαβ(zi, t)
∂Πibc(Φ
µ−1
i , s
µ−1)
∂zαi
∂Φ
(µ−1)a
i
∂zβi
= 0
Next we show (5.0.65). It is sufficient to show that λj|µ(w
p
i , w
q
i ) − λi|µ(w
p
i , w
q
i ) + πf (Γij|µ)(w
p
i , w
q
i ) = 0
for any p, q. We note that Πipq(ψij(wj , s), s) =
∑m
r,s=1Π
j
rs(wj , s)
∂ψpij
∂wrj
∂ψqij
∂wsj
. Then
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λj|µ(w
p
i , w
q
i ) ≡µ λj|µ(ψ
p
ij , ψ
q
ij)
(5.0.68)
≡µ 2
m∑
r,s=1

−Πjrs(Φµ−1j (zj , t), sµ−1) +
n∑
α,β=1
Λjαβ(zj , t)
∂Φ
(µ−1)r
j (zj , t)
∂zαj
∂Φ
(µ−1)s
j (zj , t)
∂zβj

 ∂ψpij
∂wrj
(Φµ−1j , s
µ−1)
∂ψqij
∂wsj
(Φµ−1j , s
µ−1)
≡µ −2Π
i
pq(ψij(Φ
µ−1
j (zj , t), s
µ−1), sµ−1) + 2
n∑
α,β=1
Λiαβ(φij(zj , t), t)
∂ψpij(Φ
(µ−1)
j , s
µ−1)
∂zαi
∂ψqij(Φ
(µ−1)
j , s
µ−1)
∂zβi
≡µ −2Π
i
pq(Φ
µ−1
i (φij(zj , t))− Γij|µ, s
µ−1)
+ 2
n∑
α,β=1
Λiαβ(φij(zj , t), t)
∂(Φ
(µ−1)p
i (φij(zj , t), t)− Γ
p
ij|µ)
∂zαi
∂(Φ
(µ−1)q
i (φij(zj , t), t)− Γ
q
ij|µ)
∂zβi
≡µ −2Π
i
pq(Φ
µ−1
i (φij(zj , t), s
µ−1) + 2
m∑
γ=1
Γγij
∂Πipq
∂wγi
(Φµ−1i , s
µ−1)
+ 2
n∑
α,β=1
Λiαβ(φij(zj , t), t)
∂Φ
(µ−1)p
i (φij(zj , t), t)
∂zαi
∂Φ
(µ−1)q
i (φij(zj, t), t)
∂zβi
− 2
n∑
α,β=1
Λiαβ(zi, t)
∂Γpij|µ
∂zαi
∂Φ
(µ−1)q
i
∂zβi
− 2
n∑
α,β=1
Λiαβ(zi, t)
∂Φ
(µ−1)p
i
∂zαi
∂Γqij|µ
∂zβi
−λi|µ(w
p
i , w
q
i ) ≡µ 2Π
i
pq(Φ
µ−1
i (φij(zj , t), t), s
µ−1)− 2
n∑
α,β=1
Λiαβ(φij(zj , t), t)
∂Φ
(µ−1)p
i (φij(zj , t), t)
∂zαi
∂Φ
(µ−1)q
i (φij(zj , t), t)
∂zβi
(5.0.69)
πf (Γij|µ)(w
p
i , w
q
i ) = Λ0(Γ
p
ij|µ, f
q
i )− Λ0(Γ
q
ij|µ, f
p
i )− Γij|µ(Π0(w
p
i , w
q
i ))
(5.0.70)
≡µ 2
n∑
α,β=1
Λiαβ(zi, t)
∂Γpij|µ
∂zαi
∂Φ
(µ−1)q
i
∂zβi
− 2
n∑
α,β=1
Λiαβ(zi, t)
∂Γqij|µ
∂zαi
∂Φ
(µ−1)p
i
∂zβi
− 2
m∑
γ=1
Γγij|µ
∂Πipq
∂wγi
(Φµ−1i , s
µ−1)
Then from (5.0.68), (5.0.69), and (5.0.70), we get (5.0.65).
Lastly we show (5.0.67). It is sufficient to show that πg(γi|µ)(y
p
i , y
q
i ) = (f
∗G)λi|µ(y
p
i , y
q
i ) for any p, q. We
note that Ωipq(Ψi(wi, s)) =
∑n
αβ=1Π
i
αβ(wi, s)
∂Ψpi
∂wαi
∂Ψqi
∂wβi
, and Ωipq(Υi(zi, t)) =
∑n
α,β=1 Λ
i
αβ(zi, t)
∂Υpi
∂zαi
∂Υqi
∂zβi
.
πh(γi|µ)(y
p
i , y
q
i ) = Λ0(γi|µ(y
p
i ), (gi ◦ fi)
q)− Λ0(γi|µ(y
q
i ), (gi ◦ fi)
p)− γi|µ(Ω0(y
p
i , y
q
i ))
≡µ −Λi(Υ
p
i −Ψ
p
i (Φ
µ−1
i , s
µ−1),Ψqi (Φ
µ−1
i , s
µ−1)) + Λi(Υ
q
i −Ψ
q
i (Φ
µ−1
i , s
µ−1),Ψp(Φµ−1i , s
µ−1))
− 2
l∑
β=1
(Υβi −Ψ
β
i (Φ
µ−1
i , s
µ−1))
∂Ωipq
∂yβi
(Ψi(Φ
µ−1
i , s
µ−1))
≡µ −Λi(Υ
p
i −Ψ
p
i (Φ
µ−1
i , s
µ−1),Ψqi (Φ
µ−1
i , s
µ−1)−Υqi +Υ
q
i ) + Λi(Υ
q
i −Ψ
q
i (Φ
µ−1
i , s
µ−1),Ψp(Φµ−1i , s
µ−1))
+ 2
l∑
β=1
(Υβi −Ψ
β
i (Φ
µ−1
i , s
µ−1))
∂Ωipq
∂yβi
(Ψi(Φ
µ−1
i , s
µ−1))
≡µ −Λi(Υ
p
i ,Υ
q
i )− Λi(Ψ
q
i (Φ
µ−1
i , s
µ−1),Ψpi (Φ
µ−1
i , s
µ−1)) + 2
l∑
β=1
(Υβi −Ψ
β
i (Φ
µ−1
i , s
µ−1))
∂Ωipq
∂yβi
(Ψi(Φ
µ−1
i , s
µ−1))
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On the other hand, we have
(f∗G(λi|µ))(y
a
i , y
b
i ) = λi|µ(g
p
i , g
q
i ) ≡µ λi|µ(Ψ
p
i ,Ψ
q
i )
≡µ 2
l∑
r,s=1
−Πirs(Φ
µ−1
i , s
µ−1)
∂Ψpi
∂wri
(Φµ−1i , s
µ−1)
∂Ψqi
∂wsi
(Φµ−1i , s
µ−1) + 2
l∑
r,s=1
n∑
α,β=1
Λiαβ(zi, t)
∂Φ
(µ−1)r
i
∂zαi
∂Φ
(µ−1)s
i
∂zβi
∂Ψpi
∂wri
∂Ψqi
∂wsi
≡µ −2Ω
i
pq(Ψi(Φ
µ−1
i , s
µ−1)) + Λi(Ψ
p
i (Φ
µ−1
i , s
µ−1),Ψqi (Φ
µ−1
i , s
µ−1))
≡µ −2Ω
i
pq(Ψi(Φ
µ−1
i , s
µ−1)−Υi +Υi) + Λi(Ψ
p
i (Φ
µ−1
i , s
µ−1),Ψqi (Φ
µ−1
i , s
µ−1))
≡µ −2Ω
i
pq(Γi)− 2
l∑
β=1
(Ψβi (Φ
µ−1
i , s
µ−1)−Υβi )
∂Ωipq
∂yβi
(Ψi(Φ
µ−1
i , s
µ−1)) + Λi(Ψ
p
i (Φ
µ−1
i , s
µ−1),Ψqi (Φ
µ−1
i , s
µ−1))
≡µ −2
n∑
α,β=1
Λiαβ(zi, t)
∂Υpi
∂zαi
∂Υqi
∂zβi
− 2
l∑
β=1
(Ψβi (Φ
µ−1
i , s
µ−1)−Υβi )
∂Ωipq
∂yβi
(Ψi(Φ
µ−1
i , s
µ−1)) + Λi(Ψ
p
i (Φ
µ−1
i , s
µ−1),Ψqi (Φ
µ−1
i , s
µ−1)
Hence we get the claim. 
We set ρ′vij =
∑
λ
∂ψλij
∂sv |s=0
∂
∂wλi
∈ Γ(Vij ,ΘY ), and Π′vi =
∑ ∂Πiαβ(wi,s)
∂sv
∂
∂wαi
∧ ∂
∂wβi
, and−τ ′vi =
∑ ∂Ψαi
∂svi
|s=0
∂
∂yαi
∈
Γ(Vi, g
∗ΘZ). Then we have τ
′
vi − τ
′
vj = Gρ
′
vij on Vij , and πg(τ
′
vi) = GΠ
′
vi. Then we show that
Lemma 5.0.71. (5.0.56)µ, (5.0.57)µ and (5.0.58)µ are equivalent to the following:
Γij|µ = Φj|µ − Φi|µ +
r′∑
v=1
svµf
∗ρ′vij(5.0.72)
−γi|µ = (f
∗G)Φi|µ −
r′∑
v=1
svµf
∗τ ′vi(5.0.73)
−λi|µ = πf (Φi|µ)−
r′∑
v=1
svµf
∗Π′vi(5.0.74)
where Φi|µ =
∑m
α=1 Φ
α
i|µ
∂
∂wαi
.
Proof. For (5.0.72), see [Hor74] p.663. Let us show (5.0.73). Rewrite (5.0.57)µ in the following: for any β,
Υβi ≡µ Ψ
β
i (Φ
µ−1
i +Φi|µ, s
µ−1 + sµ)
Then we have
Υβi ≡µ Ψ
β
i (Φ
µ−1
i , s
µ−1) +
m∑
α=1
Φαi|µ
∂Ψβi
∂wαi
(Φµ−1i , s
µ−1) +
r′∑
v=1
svµ
∂Ψβi
∂svi
(Φµ−1i , s
µ−1)
⇐⇒ −γβi|µ ≡µ
m∑
α=1
Φαi|µ
∂gβi
∂wαi
(fi) +
r′∑
v=1
svµ
∂Ψβi
∂svi
(fi, 0)
which are equivalent to (5.0.73).
Next let us show (5.0.74). Rewrite (5.0.58)µ in the following.
Πipq(Φ
µ−1
i +Φi|µ, s
µ−1 + sµ) ≡µ
n∑
α,β=1
Λiαβ(zi, t)
∂(Φ
(µ−1)p
i +Φ
p
i|µ)
∂zαi
∂(Φ
(µ−1)q
i +Φ
q
i|µ)
∂zβi
Then we have
m∑
α=1
Φαi|µ
∂Πipq
∂wαi
(Φµ−1i , s
µ−1) +
r′∑
v=1
svµ
∂Πipq
∂sv
(Φµ−1i , s
µ−1)
≡µ λ
p,q
i|µ +
n∑
α,β=1
Λiαβ(zi, t)
∂Φ
(µ−1)p
i
∂zαi
∂Φqi|µ
∂zβi
+
n∑
α,β=1
Λiαβ(zi, t)
∂Φpi|µ
∂zαi
∂Φ
(µ−1)q
i
∂zβi
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which are equivalent to
m∑
α=1
Φαi|µ
∂Πipq
∂wαi
(fi, 0) +
r′∑
v=1
svµ
∂Πipq
∂sv
(fi, 0) ≡µ λ
p,q
i|µ +
n∑
α,β=1
Λiαβ(zi)
∂fpi
∂zαi
∂Φqi|µ
∂zβi
+
n∑
α,β=1
Λiαβ(zi)
∂Φpi|µ
∂zαi
∂f qi
∂zβi
(5.0.75)
On the other hand, we have
πf (Φi|µ)(w
p
i , w
q
i ) = Λ0(Φ
p
i|µ, f
q
i )− Λ0(Φ
q
i|µ, f
p
i )− 2
m∑
α=1
Φαi|µ
∂Πipq
∂wαi
(fi)(5.0.76)
From (5.0.75) and (5.0.4), we get (5.0.74). 
Lemma 5.0.77. Under the hypothesis of Theorem 5.0.51, we can find Φi|µ ∈ Γ(Ui, f
∗ΘY ) and sµ = (s
v
µ) ∈
Cr
′
which satisfy (5.0.72), (5.0.73), and (5.0.74).
Proof. Since we have an exact sequence 0→ f∗Θ•Y
f∗G
−−−→ h∗ΘZ → f∗N •g → 0, from (5.0.66) and (5.0.67), the
collection {γi|µ} represents an element of H
0(X, f∗N •g ). Since f
∗ ◦ τ : T0′(N)→ H
0(X, f∗N •g ) is surjective,
we can find sµ = (s
v
µ) such that {γi|µ} and {
∑r′
v=1 s
v
µf
∗τ ′vi} represent the same element in H
0(X, f∗N •g ).
Hence there exist Φi|µ ∈ Γ(Ui, f
∗ΘY ) such that −γi|µ = (f
∗G)Φi|µ −
∑
v s
v
µf
∗τ ′vi, which proves (5.0.73). on
the other hand, from (5.0.67), we have
(f∗G)(−λi|µ) = πh(−γi|µ) = πh(f
∗G(Φi|µ))−
∑
v
svµπhf
∗τvi′ = f
∗G(πf (Φi|µ)) −
∑
v
svµf
∗πgτvi′
= f∗G(πf (Φi|µ))−
∑
v
svµf
∗(GΠ′iv) = f
∗G(πf (Φi|µ))−
r′∑
v=1
svµ(f
∗G)f∗Π′iv = f
∗G

πf (Φi|µ)− r
′∑
v=1
svµf
∗Π′iv

 .
Hence since f∗G : f∗Θ•Y → h
∗Θ•Z is injective, we get (5.0.74). For (5.0.72), we note that
(f∗G)Γij|µ = γi|µ − γj|µ = −(f
∗G)Φi|µ +
r′∑
v=1
svµf
∗τ ′vi + (f
∗G)Φj|µ −
r′∑
v=1
svµf
∗τ ′vj
= f∗G(Φj|µ − Φi|µ) +
r′∑
v=1
f∗(Gρ′vij) = f
∗G(Φj|µ − Φi|µ +
r′∑
v=1
f∗ρ′vij)
Hence we get (5.0.72). 
Hence induction holds for µ so that we have formal power series s(t) and Φi(zi, t) satisfying (5.0.52) −
(5.0.55).
5.0.5. Proof of convergence.
By a similar argument as in the proof of Theorem 2.3.1, we can choose solutions Φi|µ and sµ in each
inductive step so that Φi and s converge absolutely and uniformly for |t| < ǫ for a sufficiently small number
ǫ > 0. The completes the proof of Theorem 5.0.51.

Theorem 5.0.78. Let f : (X,Λ0) → (Y,Π0), g : (Y,Π0) → (Z,Ω0), and h = g ◦ f be holomorphic Poisson
maps of holomorphic Poisson manifolds. Let p : (X ,Λ)→M, q : (Y,Π)→M and π : (Z,Ω)→M be families
of holomorphic Poisson manifolds such that (X,Λ0) = p
−1(0), (Y,Π0) = q
−1(0) and (Z,Ω0) = π
−1(0) for
some point 0 ∈M . Let Φ : (X ,Λ)→ (Y,Π) and Υ : (X ,Λ)→ (Z,Ω) be holomorphic Poisson maps over M
which induces f and h over 0 ∈M , respectively. Assume that
(1) p and q are proper.
(2) f∗ : H0(Y, g∗Θ•Z)→ H
0(X,h∗Θ•Z) is surjective.
(3) f∗ : H1(Y, g∗Θ•Z)→ H
1(X,h∗Θ•Z) is injective.
Then there exists an open neighborhood N of 0, and a holomorphic Poisson map Ψ : (Y|N ,Π|N ) → (Z,Ω)
over N such that Υ|N = Ψ ◦ (Φ|N ).
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Proof. We extend arguments in [Hor74] p.664-p.665 in the context of holomorphic Poisson deformations. We
tried to maintain notational consistency with [Hor74]. We may assume the following:
(1) M = {t ∈ Cr||t| < ǫ} for a sufficiently small number ǫ > 0, and 0 = (0, ..., 0).
(2) X (resp. Y) is covered by a finite number of coordinate neighborhoods Ui(i ∈ I) (resp. Vi(i ∈ J))
and each Ui (resp. Vi) is covered by a system of coordinates (zi, t) (resp. (wi, t)) such that p(zi, t) = t
(resp. q(wi, t) = t). Moreover, each Vi is a polydisc {(wi, t)||wi| < 1, |t| < ǫ}. We set Ui = Ui ∩ X
and Vi = Vi ∩ Y .
(3) I ⊂ J , and Φ(Ui) is contained in Vi for each i ∈ I. Φ is given by wi = Φi(zi, t) and we set
fi(zi) = Φi(zi, 0).
(4) For each i ∈ J , there exists a coordinate neighborhood Wi on Z such that Φ(Ui) ⊂ Wi for i ∈ I,
and g(Vi) ⊂ Wi ∩ Z for i ∈ J .
(5) Each Wi is covered by a system of coordinate (yi, t) such that π(yi, t) = t.
(6) Υ and g are given, respectively, by yi = Υi(zi, t) and yi = gi(wi). We set hi(zi) = Υi(zi, 0).
(7) (zi, t) ∈ Ui, (wi, t) ∈ Vi, and (yi, t) ∈ Wi coincide with (zj , t) ∈ Uj , (wj , t) ∈ Vj , and (yj , t) ∈ Wj , re-
spectively, if and only if zi = φij(zj , t), wi = ψij(wj , t), and yi = θij(yj , t). We set eij(yj) = θij(yj , 0).
(8) On Ui, Λ is given by
∑n
α,β=1 Λ
i
αβ(zi, t)
∂
∂zαi
∧ ∂
∂zβi
with Λiαβ(zi, t) = −Λ
i
βα(zi, t).
(9) On Vi, Π is given by
∑m
α,β=1Π
i
αβ(wi, t)
∂
∂wαi
∧ ∂
∂wβi
with Πiαβ(wi, t) = −Π
i
αβ(wi, t).
(10) On Wi, Ω is given by
∑l
α,β=1Ω
i
αβ(yi, t)
∂
∂yαi
∧ ∂
∂yβi
with Ωiαβ(yi, t) = −Ω
i
βα(yi, t).
We shall construct holomorphic functions Ψi : Vi → Cl such that
Ψi(wi, 0) = gi(zi), on Vi, for i ∈ I,(5.0.79)
Ψi(ψij , t) = θij(Ψj , t), on Vij , for i, j ∈ J,(5.0.80)
Υi(zi, t) = Ψi(Φi, t), on Ui, for i ∈ I,(5.0.81)
Ωipq(Ψi(wi, t), t) =
m∑
α,β=1
Πi(wi, t)
∂Ψpi
∂wαi
∂Ψqi
∂wβi
.(5.0.82)
5.0.6. Existence of formal solutions.
We will prove the existence of formal solutions of Ψi(zi, t) satisfying (5.0.79)− (5.0.81) as power series in
t. Let Ψi(wi, t) =
∑∞
µ=0Ψi|µ(wi, t), where Ψi|µ(wi, t) is a homogenous polynomial in t of degree µ, and let
Ψµi (wi, t) = Ψi|0(wi, t) +Ψi|1(wi, t) + · · ·+Ψi|µ(wi, t). We note that (5.0.79)− (5.0.81) are equivalent to the
following system of congruences:
Ψµi (ψij , t) ≡µ θij(Ψ
µ
j , t), on Vij , for i, j ∈ J,(5.0.83)
Υi(zi, t) ≡µ Ψ
µ
i (Φi, t), on Ui, for i ∈ I,(5.0.84)
Ωipq(Ψ
µ
i (wi, t), t) ≡µ
m∑
α,β=1
Πiαβ(wi, t)
∂Ψµpi
∂wαi
∂Ψµqi
∂wβi
,(5.0.85)
for µ = 0, 1, 2, · · · .
We shall construct formal solutions of Ψi(wi, t) satisfying (5.0.83) − (5.0.85) by induction on µ. We set
Ψi|0 = gi(wi). Then the induction holds for µ = 0.
Suppose that we have already determined Ψµ−1 satisfying (5.0.83)µ−1 − (5.0.85)µ−1. We define homoge-
neous polynomials Γij|µ ∈ Γ(Vij , g
∗ΘZ)(i, j ∈ J), γi|µ ∈ Γ(Ui, h
∗ΘZ)(i ∈ I) and λi|µ ∈ Γ(Vi,∧
2g∗ΘZ)(i ∈ J)
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of degree µ by the following congruences:
Γij|µ ≡µ
l∑
α=1
(Ψ
(µ−1)α
i (ψij , t)− θ
α
ij(Ψ
µ−1
j , t))
∂
∂yαi
(5.0.86)
−γi|µ ≡µ
l∑
β=1
(Υβi −Ψ
(µ−1)β
i (Φi, t))
∂
∂yβi
(5.0.87)
λi|µ ≡µ
l∑
p,q=1

−Ωipq(Ψµi (wi, t), t) +
m∑
α,β=1
Πiαβ(wi, t)
∂Ψµpi
∂wαi
∂Ψµqi
∂wβi

 ∂
∂ypi
∧
∂
∂yqi
(5.0.88)
Lemma 5.0.89.
Γjk|µ − Γik|µ + Γij|µ = 0, on Vijk, for i, j, k ∈ J,(5.0.90)
λj|µ − λi|µ + πg(Γij|µ) = 0, on Vij , for i, j ∈ J(5.0.91)
πg(λi|µ) = 0, on Vi, for i ∈ J(5.0.92)
γi|µ − γj|µ = f
∗Γij|µ, on Uij, for i, j ∈ I,(5.0.93)
πh(γi|µ) = f
∗λi|µ, on Ui, for i ∈ I(5.0.94)
Proof. For (5.0.90), (5.0.91), and (5.0.92), see Lemma 5.0.62. For (5.0.93), see [Hor74] p.665. Let us
show (5.0.94). It is sufficient to show that πh(λi|µ)(y
p
i , y
q
i ) = Fλi|µ(y
p
i , y
q
i ) for any p, q. We note that
Ωipq(Υi(zi, t), t) =
∑n
α,β=1Λ
i
αβ(zi, t)
∂Υpi
∂zαi
∂Υqi
∂zβi
and Πipq(Φi(zi, t), t) =
∑n
α,β=1Λ
i
αβ(zi, t)
∂Φpi
∂zαi
∂Φqi
∂zβi
. Then we have
πh(γi|µ)(y
p
i , y
q
i ) = Λ0(γi|µ(y
p
i ), h
q
i )− Λ0(γi|µ(y
q
i ), h
p
i )− γi|µ(Ω0(y
p
i , y
q
i ))
≡µ Λi(Ψ
(µ−1)p
i (Φi, t)−Υ
p
i ,Ψ
(µ−1)q
i (Φi, t))− Λi(Ψ
(µ−1)q
i −Υ
q
i ,Ψ
(µ−1)p
i (Φi, t)−Υ
p
i +Υ
p
i )
− 2
l∑
β=1
(Ψ
(µ−1)β
i (Φi, t)−Υ
β
i )
∂Ωipq
∂yβi
(Ψµ−1i (Φi, t), t)
≡µ Λi(Ψ
(µ−1)p
i (Φi, t),Ψ
(µ−1)q
i (Φi, t))− Λi(Υ
p
i ,Υ
q
i )− 2
l∑
β=1
(Ψ
(µ−1)β
i (Φi, t)−Υ
β
i )
∂Ωipq
∂yβi
(Ψµ−1i (Φi, t), t)
On the other hand, we have
f∗λi|µ(y
p
i , y
q
i ) ≡µ −2Ω
i
pq(Ψ
µ−1
i (fi(zi), t), t) + 2
m∑
α,β=1
Πiαβ(fi(zi), t)
∂Ψ
(µ−1)p
i
∂wαi
(fi(zi), t)
∂Ψ
(µ−1)q
i
∂wβi
(fi(zi), t)
≡µ −2Ω
i
pq(Ψ
µ−1
i (Φi, t), t) + 2
m∑
α,β=1
Πiαβ(Φi, t)
∂Ψ
(µ−1)p
i
∂wαi
(Φi, t)
∂Ψ
(µ−1)q
i
∂wβi
(Φi, t)
≡µ −2Ω
i
pq(Ψ
µ−1
i (Φi, t)−Υi +Υi, t) + 2
n∑
α,β=1
Λiαβ(zi, t)
∂Ψ
(µ−1)p
i (Φi, t)
∂zαi
∂Ψ
(µ−1)q
i (Φi, t)
∂zβi
≡µ −2Ω
i
pq(Υi, t)− 2
l∑
β=1
(Ψ
(µ−1)β
i (Φi, t)−Υ
β
i )
∂Ωipq
∂yβi
(Ψµ−1i (Φi, t), t) + Λi(Ψ
(µ−1)p
i (Φi, t),Ψ
(µ−1)q
i (Φi, t))
≡µ −Λi(Υ
p
i ,Υ
q
i )− 2
l∑
β=1
(Ψ
(µ−1)β
i (Φi, t)−Υ
β
i )
∂Ωipq
∂yβi
(Ψµ−1i (Φi, t), t) + Λi(Ψ
(µ−1)p
i (Φi, t),Ψ
(µ−1)q
i (Φi, t))
Hence we get (5.0.94). 
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Lemma 5.0.95. (5.0.83)µ, (5.0.84)µ, and (5.0.85)µ are equivalent to the following:
Γij|µ = Ψj|µ −Ψi|µ, on Vij , for i, j ∈ J,(5.0.96)
−γi|µ = f
∗Ψi|µ, on Ui, for i ∈ I,(5.0.97)
−λi|µ = πg(Ψi|µ), on Vi, for i ∈ J,(5.0.98)
where Ψi|µ =
∑l
α=1Ψ
α
i|µ
∂
∂yαi
∈ Γ(Ui, g∗ΘZ).
Proof. For (5.0.96) and (5.0.97), see [Hor74] p.665. Let us show that (5.0.85)µ is equivalent to (5.0.98).
(5.0.85)µ is equivalent to
Ωipq(Ψ
µ−1
i (wi, t) + Ψi|µ, t) ≡µ
m∑
α,β=1
Πiαβ(wi, t)
∂(Ψ
(µ−1)p
i +Ψ
p
i|µ)
∂wαi
∂(Ψ
(µ−1)q
i +Ψ
q
i|µ)
∂wβi
⇐⇒
l∑
α=1
Ψαi|µ
∂Ωipq
∂yαi
(gi, 0) ≡µ λ
p,q
i|µ +
m∑
α,β=1
Πiαβ(wi)
∂Ψpi|µ
∂wαi
∂gqi
∂wβi
+
m∑
α,β=1
Πiαβ(wi)
∂gpi
∂wαi
∂Ψqi|µ
∂wβi
On the other hand,
πg(Ψi|µ)(w
p
i , w
q
i ) = Π0(Ψ
p
i|µ, g
q
i )−Π0(Ψ
q
i|µ, g
p
i )− 2Ψi|µ(Ω
i
pq(yi))
Hence we get (5.0.98). 
Lemma 5.0.99. Under the hypothesis of Theorem 5.0.78, we can find Ψi|µ ∈ Γ(Vi, g
∗ΘZ) which satisfy
(5.0.96), (5.0.97), and (5.0.98).
Proof. Since f∗ : H1(Y, g∗Θ•Z)→ H
1(X,h∗ΘZ) is injective and ({f∗Γij|µ}, {f
∗λi|µ}) is cohomologous to zero
by (5.0.93) and (5.0.94), there exist Ψ′i|µ ∈ Γ(Vi, g
∗ΘZ) such that
Γij|µ = Ψ
′
j|µ −Ψ
′
i|µ, −λi|µ = πg(Ψ
′
i|µ).
Then {−γi|µ − f
∗Ψ′i|µ} defines a global section in H
0(X,h∗ΘZ) since γi|µ + f
∗Ψ′i|µ − γj|µ − f
∗Ψ′j|µ =
f∗Γij−f∗Γij = 0. On the other hand, πh(−γi|µ−f
∗Ψ′i|µ) = −f
∗λi|µ−πhf
∗Ψ′i|µ = f
∗πg(Ψ
′
i|µ)−f
∗πg(Ψ
′
i|µ) =
0 so that {γi|µ − f
∗Ψ′i|µ} represents a homogenous polynomial with coefficients in H
0(X,h∗ΘZ). Since
f∗ : H0(Y, g∗ΘZ) → H0(X,h∗ΘZ) is surjective, there exists χµ ∈ H0(Y, g∗ΘZ) with πg(χµ) = 0 such
that −γi|µ − f
∗Ψ′i|µ = f
∗χµ on Ui for i ∈ I. We set Ψi|µ := Ψ
′
i|µ + χµ. Then Γij = Ψj|µ − Ψi|µ,
f∗Ψi|µ = f
∗Ψ′i|µ + f
∗χµ = −γi|µ, and πg(Ψi|µ) = πg(Ψ
′
i|µ) + πg(χµ) = −λi|µ. 
Hence induction holds for µ so that we have a formal power series Ψi(wi, t) satisfying (5.0.79)− (5.0.82).
5.0.7. Proof of convergence.
By a similar argument as in the proof of Theorem 2.3.1, we can choose solutions Ψi|µ in each inductive
step so that Ψi converges absolutely and uniformly for |t| < ǫ for a sufficiently small number ǫ > 0. This
completes the proof of Theorem 5.0.78.

Appendix A. Complex associated with a Poisson map
Let k be an algebraically closed field with characteristic 0.
Definition A.0.100. Let (B,Λ0) and (C,Π0) be a Poisson k-algebra with Λ0 ∈ HomB(∧2ΩB/k, B) and
Π0 ∈ HomC(∧2Ω1C/k, C). Let f : (C,Π0)→ (B,Λ0) be a Poisson k-homomorphism. We define a complex
HomC(Ω
1
C/k, B)
π=πf
−−−→ HomC(∧
2Ω1C/k, B)
π
−→ HomC(∧
3,Ω1C/k, B)
π
−→ · · ·
in the following way: for Q ∈ HomC(∧qΩC/k, B) and a1, · · · , aq+1 ∈ C,
π(Q)(a1, · · · , aq+1) =
∑
σ∈Sq,1
sgn(σ)Λ0(Q(aσ(1), · · · , aσ(q)), f(aσ(q+1)))
− (−1)q−1
∑
σ∈S2,q−1
sgn(σ)Q(Π0(aσ(1), aσ(2)), aσ(3), · · · , aσ(q+1))
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Remark A.0.101. Let f : (C,Π0) → (B,Λ0) be a Poisson k-homomorphism. We have the following
commutative diagram.
HomB(Ω
1
B/k, B)
[Λ0,−]
−−−−→ HomB(∧2Ω1B/k, B)
[Λ0,−]
−−−−→ HomB(∧3Λ1B/k, B)
[Λ0,−]
−−−−→ · · ·
F
y Fy Fy
HomC(Ω
1
C/k, B)
π
−−−−→ HomC(∧2Ω1C/k, B)
π
−−−−→ HomC(∧3,Ω1C/k, B)
π
−−−−→ · · ·
where F is defined in the following way: for P ∈ HomB(∧qΩ1B/k, B), and a1, ..., aq ∈ C,
F (P )(a1, ..., aq) := P (f(a1), ..., f(aq))
Remark A.0.102. Let f : (C,Π0) → (B,Λ0) be a Poisson k-homomorphism. Then we have the following
commutative diagram
HomC(Ω
1
C/k, C)
[Π0,−]
−−−−→ HomC(∧2Ω1C/k, C)
[Π0,−]
−−−−→ HomC(∧3Ω1C/k, C)
[Π0,−]
−−−−→ · · ·
f∗
y f∗y f∗y
HomC(Ω
1
C/k, B)
π
−−−−→ HomC(∧2Ω1C/k, B)
π
−−−−→ HomC(∧3,Ω1C/k, B)
π
−−−−→ · · ·
where f∗ is defined in the following way: for Q ∈ HomC(∧qΩ1C/k, C), and a1, ..., aq ∈ C,
f∗(Q)(a1, ..., aq) := f(Q(a1, ..., aq))
Remark A.0.103. Let f : (C,Π0)→ (B,Λ0) and g : (D,Ω0)→ (C,Π0) be two Poisson k-homomorphisms.
Let h = f ◦ g. Then
HomC(Ω
1
C/k, C)
[Π0,−]
−−−−→ HomC(∧2Ω1C/k, C)
[Π0,−]
−−−−→ HomC(∧3Ω1C/k, C)
[Π0,−]
−−−−→ · · ·
G
y Gy Gy
HomD(Ω
1
D/k, C)
πg
−−−−→ HomD(∧
2Ω1D/k, C)
πg
−−−−→ HomD(∧
3,Ω1D/k, C)
πg
−−−−→ · · ·
induces
HomC(Ω
1
C/k, B)
πf
−−−−→ HomC(∧2Ω1C/k, B)
πf
−−−−→ HomC(∧3Λ1C/k, B)
πf
−−−−→ · · ·
f∗G
y f∗Gy f∗Gy
HomD(Ω
1
D/k, B)
πh−−−−→ HomD(∧2Ω1D/k, B)
πh−−−−→ HomD(∧3,Ω1D/k, B)
πh−−−−→ · · ·
where f∗G is defined in the following way: for P ∈ HomC(∧qΩ1C/k, B), and b1, ..., bq ∈ D,
f∗G(P )(b1, ..., bq) = P (g(b1), ..., g(bq))
Remark A.0.104. Let f : (C,Π0)→ (B,Λ0) and g : (D,Ω0)→ (C,Π0) be two Poisson k-homomorphisms.
Let h = f ◦ g. We have the following commutative diagram.
HomD(Ω
1
D/k, C)
πg
−−−−→ HomD(∧
2Ω1D/k, C)
πg
−−−−→ HomC(∧
3Ω1D/k, C)
πg
−−−−→ · · ·
f∗
y f∗y f∗y
HomD(Ω
1
D/k, B)
πh−−−−→ HomD(∧2Ω1D/k, B)
πh−−−−→ HomD(∧3,Ω1D/k, B)
πh−−−−→ · · ·
where f∗ is defined in the following way: for P ∈ HomD(∧qΩ1D/k, C), and b1, ..., bq ∈ D,
f∗(P )(b1, ..., bq) = f(P (b1, ..., bq)).
The above arguments are translated in the context of a holomorphic Poisson map between two holomorphic
Poisson maps and a Poisson map between two nonsingular Poisson varieties. For a nonsingular Poisson variety
or a holomorphic Poisson manifold X , we denote the tangent sheaf of X by TX . We remark that we use the
notation ΘX for a holomorphic Poisson manifold X instead of TX in the main body of the paper to keep
notational consistency with [Hor75] and [Hor74].
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Definition A.0.105. Let f : (X,Λ0)→ (Y,Π0) be a holomorphic Poisson map between holomorphic Poisson
manifolds or a Poisson map between nonsingular Poisson varieties. Then we have a complex of sheaves
f∗T •Y : f
∗TY
π
−→ ∧2f∗TY
π
−→ ∧3f∗TY
π
−→ · · ·
We will denote the i-th hypercohomology group by Hi(X, f∗T •Y ).
Remark A.0.106. Let f : (X,Λ0)→ (Y,Π0) be a holomorphic Poisson map between holomorphic Poisson
manifolds or a Poisson map between nonsingular Poisson varieties. Then we have the following commutative
diagram.
T •X : TX
[Λ0,−]
−−−−→ ∧2TX
[Λ0,−]
−−−−→ ∧3TX
[Λ0,−]
−−−−→ · · ·
F
y Fy Fy
f∗T •Y :f
∗TY
π
−−−−→ ∧2f∗TY
π
−−−−→ ∧3f∗TY
π
−−−−→ · · ·
This induces
F : Hi(X,T •X)→ H
i(X, f∗T •Y ).
Remark A.0.107. Let f : (X,Λ0)→ (Y,Π0) be a holomorphic Poisson map between holomorphic Poisson
manifolds or a Poisson map between nonsingular Poisson varieties. Then we have the homomorphism
f∗ : Hi(Y, T •Y )→ H
i(X, f∗T •Y ).
Remark A.0.108. Let f : (X,Λ0) → (Y,Π0) and g : (Y,Π0) → (Z,Ω0) be two holomorphic Poisson maps
between holomorphic Poisson manifolds or two Poisson maps between nonsingular Poisson varieties. Let
h = g ◦ f . Then the canonical homomorphism G : T •Y → g
∗T •Z induces f
∗G : f∗T •Y → h
∗T •Z so that we have
a homomorphism
f∗G : Hi(X, f∗T •Y )→ H
i(X,h∗T •Z).
Remark A.0.109. Let f : (X,Λ0) → (Y,Π0) and g : (Y,Π0) → (Z,Ω0) be two holomorphic Poisson maps
between holomorphic Poisson manifolds or two Poisson maps between nonsingular Poisson varieties. Let
h = g ◦ f . Then we have the natural homomorphism
f∗ : Hi(Y, g∗T •Z)→ H
i(X,h∗T •Z).
Appendix B. Deformations of Poisson morphisms
We denote by Art the category of local artinian k-algebras with residue field k, where k is a algebraically
closed filed with characteristic 0.
Definition B.0.110 (general definition). Let f : (X,Λ0)→ (Y,Π0) be a Poisson morphism of nonsingular
Poisson varieties. Let A ∈ Art. An infinitesimal deformation of f over Spec(A) is a cartesian diagram
ξ :
(X,Λ0) −−−−→ (X ,Λ)
f
y yΨ
(Y,Π0) −−−−→ (Y,Π)y yq
Spec(k) −−−−→ Spec(A)
where (X ,Λ), (Y,Π) are Poisson schemes over Spec(A) and Ψ is a morphism of Poisson schemes over
Spec(A) via q, Ψ and q ◦Ψ are flat such that (X ,Λ)×Spec(A)Spec(k) ∼= (X,Λ0) via q ◦Ψ and (Y,Π)×Spec(A)
Spec(k) = (Y,Π0) via q so that (X ,Λ) is a flat Poisson deformation of (X,Λ0) over Spec(A), and (Y,Π) is
a flat Poisson deformation of (Y,Π0) over Spec(A).
Let ξ′ be another infinitesimal deformation of f which is given by Ψ′ : (X ′,Λ) → (Y ′,Λ). Then we say
that ξ is isomorphic to ξ′ if there exist Poisson isomorphisms r : (X ,Λ)→ (X ′,Λ′) and s : (Y,Π)→ (Y ′,Π′)
such that the following diagram commutes.
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(X ,Λ)
r
−−−−→ (X ′,Λ′)
Ψ
y yΨ′
(Y,Π)
s
−−−−→ (Y ′,Π′)
Then we can define a functor of Artin rings of deformations of f :
Deff : Art→ (Sets)
A 7→ {infinitesimal deformations of f over A}/isomorphisms
Definition B.0.111. Given an infinitesimal deformation ξ of f : (X,Λ0) → (Y,Π0) over Spec(A) as in
Definition B.0.110 and a small extension e : 0 → (t) → A˜ → A → 0 in Art, a lifting of ξ to A˜ is an
infinitesimal deformation Ψ˜ : (X˜ , Λ˜) → (Y˜, Π˜) of f over Spec(A˜) which induces Ψ so that we have the
following cartesian diagram
(X,Λ0) −−−−→ (X ,Λ) −−−−→ (X˜ , Λ˜)y Ψy Ψ˜y
(Y,Π0) −−−−→ (Y,Π) −−−−→ (Y˜, Π˜)y qy q˜y
Spec(k) −−−−→ Spec(A) −−−−→ Spec(A˜)
B.1. Deformations of a Poisson morphism leaving domain and target fixed.
Let f : (X,Λ0) → (Y,Λ0) be a Poisson morphism of nonsingular Poisson varieties. An infinitesimal
deformation ξ of f over A ∈ Art leaving domain and target fixed is a cartesian diagram of the form
ξ :
(X,Λ0) −−−−→ (X = X × Spec(A),Λ0)
f
y yΨ
(Y,Π0) −−−−→ (Y = Y × Spec(A),Π0)y ypr2
Spec(k) −−−−→ Spec(A)
where Ψ is a Poisson morphism inducing f and pr2 is the projection. We note that (X ,Λ0) and (Y,Π0) is a
trivial Poisson deformation of (X,Λ0) and (Y,Π0), respectively in Definition B.0.110. Then we can define a
functor of Artin rings which is a subfunctor of Deff
Def(X,Λ0)/f/(Y,Π0) : Art→ (Sets)
A 7→ {infinitesimal deformations of f over A with fixed domain and target}
Remark B.1.1 (Notation). Let f : C → B be a k-homomorphism. Let P ∈ HomC(Ω
1
C/k, C). We define
fP ∈ HomC(∧2,Ω1C/k, B) by the rule P (a) = f(P (a)) for a ∈ C.
Remark B.1.2 (Notation). Let f : C → B be a k-homomorphism. Let Π0 ∈ HomC(∧2Ω1C/k, C). We
define f∗Π0 ∈ HomC(∧2Ω1C/k, B) by the rule f
∗Π0(a, b) := f(Π0(a, b)) for a, b ∈ C. On the other hand, let
Λ0 ∈ HomB(∧2Ω1B/k, B). We define fΛ0 ∈ HomC(∧
2Ω1C/k, B) by the rule fΛ0(a, b) := Λ0(f(a), f(b)). We
note that when f∗Π0 = fΛ0, f : (C,Π0)→ (B,Λ0) is biderivation-preserving, in other words, f(Π0(a, b)) =
Λ0(f(a), f(b)).
Proposition B.1.3 (compare [Ser06] Proposition 3.4.2 p.158). f : (X,Λ0)→ (Y,Π0) be a Poisson morphism
of nonsingular Poisson varieties. Then
(1) There is a natural identification
Def(X,Λ0)/f/(Y,Π0)(k[ǫ])
∼= H0(X, f∗T •Y )
(2) Given an infinitesimal deformation of f over A ∈ Art leaving domain and target fixed, and a small
extension e : 0 → (t) → A˜ → A → 0, we can associate an element oξ(e) ∈ H
1(X, f∗T •Y ), which is
zero if and only if there is a lifting of ξ to A˜.
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Proof. Consider a first-order deformation Ψ : (X × Spec(k[ǫ]),Λ0) → (Y × Spec(k[ǫ]),Π0) of f . Choose an
affine open covering U = {Ui = Spec(Bi)}i∈I of X such that for each i, f(Ui) is contained in an affine open
set Vi = Spec(Ci) of Y and Ψ is locally given as
Ψi : (Ui × Spec(k[ǫ]),Λ0)→ (Vi × Spec(k[ǫ]),Π0)
which corresponds
Φi : (Ci ⊗k k[ǫ],Π0)→ (Bi ⊗k k[ǫ],Λ0)
which induces f |Ui by modulo ǫ so that we have an element vi ∈ Derk(Ci, Bi) = Γ(Ui, f
∗TY ) such that
Φi = f + ǫvi. Since vi = vj on Uij , v = {vi} defines an element in H0(X, f∗TY ). On the other hand, we
claim that π(vi) = 0. Indeed, since Φi = f + ǫvi, we have, for any x, y ∈ Ci,
Φi(Π0(x, y)) = Λ0(Φix,Φiy)
f(Π0(x, y)) + tvi(Π0(x, y)) = Λ0(fx+ tvix, fy + tviy))
f(Π0(x, y)) + tvi(Π0(x, y)) = Λ0(fx, fy) + tΛ0(vix, fy) + tΛ0(fx, viy)
so that we have vi(Π0(x, y))−Λ0(vix, fy)−Λ0(fx, viy) = 0 which is equivalent to π(vi) = 0. Hence v = {vi}
defines an element in H0(X, f∗T •Y ) in the following C˘ech resolution of f
∗T •Y .
C0(U ,∧3f∗TY )
π
x
C0(U ,∧2f∗TY )
δ
−−−−→ C1(U ,∧2f∗TY )
π
x πx
C0(U , f∗TY )
−δ
−−−−→ C1(U , f∗TY )
δ
−−−−→ C2(U , f∗TY )
Next we identify obstructions. Consider a small extension e : 0→ (t)→ A˜→ A→ 0, and an infinitesimal
deformation ξ = (Ψ : (X × Spec(A),Λ0) → (Y × Spec(A),Π0)) of f over Spec(A) with the domain and
the target fixed. Choose an affine open cover U = {Ui = Spec(Bi)}i∈I of X such that for each i, f(Ui) is
contained in an affine open set Vi = Spec(Ci) of Y , Ψ is locally represented as
Ψi : (Ui × Spec(A),Λ0)→ (Vi × Spec(A),Π0)
which corresponds to
Φi : (Ci ⊗k A,Π0)→ (Bi ⊗k A,Λ0)
Let Φ˜i be a lifting of Φi to A˜ inducing Φi
Φ˜i : (Ci ⊗k A˜,Π0)→ (Bi ⊗k A˜,Λ0)
Then since Φi = Φj on Uij , we have Φ˜j − Φ˜i = tξij for some ξij ∈ Γ(Uij , f∗TY ). Then
t(ξij − ξik + ξjk) = Φ˜j − Φ˜i − Φ˜k + Φ˜i + Φ˜k − Φ˜j = 0
Since Φ∗iΠ0 − ΦiΛ0 = 0, we have Φ˜
∗
iΠ0 − Φ˜iΛ0 = tPi for some Pi ∈ HomCi(∧
2Ω1Ci , Bi). We recall Notation
B.1.2. Then for any a, b, c ∈ Ci, since [Λ0,Λ0] = 0, and [Π0,Π0] = 0, we have
tπ(Pi)(a, b, c)
= tΛ0(Pi(a, b), f(c))− tΛ0(Pi(a, c), f(b)) + tΛ0(Pi(b, c), f(a)) + tPi(Π0(a, b), c)− tPi(Π0(a, c), b) + tPi(Π0(b, c), a)
= Λ0((Φ˜
∗
iΠ0 − Φ˜iΛ0)(a, b), Φ˜i(c))− Λ0((Φ˜
∗
iΠ0 − Φ˜iΛ0)(a, c), Φ˜(b)) + Λ0((Φ˜
∗
iΠ0 − Φ˜iΛ0)(b, c), Φ˜i(a))
+ (Φ˜∗iΠ0 − Φ˜iΛ0)(Π0(a, b), c)− (Φ˜
∗
iΠ0 − Φ˜iΛ0)(Π0(a, c), b) + (Φ˜
∗
iΠ0 − Φ˜iΛ0)(Π0(b, c), a)
= Λ0(Φ˜i(Π0(a, b)), Φ˜i(c))− Λ0(Λ0(Φ˜i(a), Φ˜i(b)), Φ˜i(c))− Λ0(Φ˜i(Π0(a, c)), Φ˜i(b)) + Λ0(Λ0(Φ˜i(a), Φ˜i(c)), Φ˜i(b))
+ Λ0(Φ˜i(Π0(b, c)), Φ˜i(a))− Λ0(Λ0(Φ˜i(b), Φ˜i(c)), Φ˜i(a))
+ Φ˜i(Π0(Π0(a, b), c))− Λ0(Φ˜i(Π0(a, b)), Φ˜i(c))− Φ˜i(Π0(Π0(a, c), b)) + Λ0(Φ˜i(Π0(a, c)), Φ˜i(b))
+ Φ˜i(Π0(Π0(b, c), a))− Λ0(Φ˜i(Π0(b, c)), Φ˜i(a)) = 0
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Hence we have
π(Pi) = 0(B.1.4)
On the other hand, for a, b ∈ Γ(Vij ,OY ),
t(Pi − Pj)(a, b) = Φ˜
∗
iΠ0(a, b)− Φ˜iΛ0(a, b)− Φ˜
∗
jΠ0(a, b) + Φ˜jΛ0(a, b)
= Φ˜i(Π0(a, b))− Λ0(Φ˜i(a), Φ˜i(b))− Φ˜j(Π0(a, b)) + Λ0(Φ˜j(a), Φ˜j(b))
= Φ˜i(Π0(a, b))− Λ0(Φ˜i(a), Φ˜i(b))− Φ˜j(Π0(a, b)) + Λ0(Φ˜i(a) + tξij(a), Φ˜i(b) + tξij(b))
= Φ˜i(Π0(a, b))− Φ˜j(Π0(a, b)) + Λ0(tξij(a), Φ˜i(b)) + Λ0(Φ˜i(a), tξij(b))
= −tξij(Π0(a, b)) + tΛ0(ξij(a), f(b)) + tΛ0(f(a), ξij(b))
Hence we have
Pj − Pi + π(ξij) = 0(B.1.5)
From, α := ({Pi}, {ξij}) ∈ C0(U ,∧2f∗TY )⊕ C1(U , f∗TY ) defines an element in H1(X, f∗T •Y ).
Let Φ˜′i be an another arbitrary lifting of Φi. Let β := ({P
′
i}, {ξ
′
ij}) be the associated 1-cocycle. Then
Φ˜′i − Φ˜i = tQi for some Qi ∈ HomCi(∧
2Ω1Ci , Bi). Then
(tP ′i − tPi)(a, b) = Φ˜
′∗
i Π0(a, b)− Φ˜
′
iΛ0(a, b)− Φ
∗
iΠ(a, b) + Φ˜
′
iΛ(a, b)
= Φ˜′i(Π0(a, b))− Λ0(Φ˜
′
i(a), Φ˜
′
i(b))− Φ˜i(Π0(a, b)) + Λ0(Φ˜i(a), Φ˜i(b))
= tQi(Π0(a, b))− Λ0(f(a), tQi(b))− Λ0(tQi(a), f(b)) = −π(Qi)(a, b)
Hence we have
P ′i − Pi = π(−Qi)(B.1.6)
On the other hand, tξ′ij − tξij = Φ˜
′
j − Φ˜
′
i − Φ˜j + Φ˜i = tQj − tQi. Hence we have
ξ′ij − ξij = Qj −Qi(B.1.7)
Then α − β = (π({Qi},−δ({Qi})) so that α is cohomologous to β. Hence given a small extension e : 0 →
(t) → A˜ → A → 0, we can associate an element oξ(e) := the cohomology class of α ∈ H0(X, f∗T •Y ). We
note that oξ(e) = 0 if and only if there exists collections Pi = 0 and ξij = 0 if and only if there is a Poisson
morphism Ψ˜ : (X × Spec(A˜),Λ0) → (Y × Spec(A˜),Π0) inducing Ψ if and only if there is a lifting of ξ to
A˜. 
B.2. Deformations of a Poisson morphism leaving the target fixed.
Let f : (X,Λ0) → (Y,Π0) be a Poisson morphism of nonsingular Poisson varieties. An infinitesimal
deformation of f over A ∈ Art leaving the target fixed is a cartesian diagram of the form
ξ :
(X,Λ0) −−−−→ (X ,Λ)
f
y yΨ
(Y,Π0) −−−−→ (Y = Y × Spec(A),Π0)y ys
Spec(k) −−−−→ Spec(A)
We note that (Y,Π0) is a trivial Poisson deformation of (Y,Λ0) in Definition B.0.110. Then we can define a
functor of Artin rings which is a subfunctor of Deff
Deff/(Y,Π0) : Art→ (Sets)
A 7→ {infinitesimal deformations of f over A with leaving the target fixed}/isomorphisms
Let f : (X,Λ0) → (Y,Π0) be a Poisson morphism of nonsingular Poisson varieties. Let us consider an
exact sequence of a complex of coherent sheaves on X
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· · · · · · · · · · · ·x [Λ0,−]x πx x
0 −−−−→ T 3X/Y
J
−−−−→ ∧3TX
F
−−−−→ ∧3f∗TY
P
−−−−→ N2f −−−−→ 0x [Λ0,−]x πx x
0 −−−−→ T 2X/Y
J
−−−−→ ∧2TX
F
−−−−→ ∧2f∗TY
P
−−−−→ N1f −−−−→ 0x [Λ0,−]x πx x
0 −−−−→ T 1X/Y
J
−−−−→ TX
F
−−−−→ f∗TY
P
−−−−→ Nf −−−−→ 0
where T •X/Y := Ker(T
•
X
F
−→ f∗T •Y ) and N
•
f := Coker(T
•
X
F
−→ f∗T •Y ). f is called non-degenerate when F is
injective so that T •X/Y = 0. When f is smooth, F is surjective so that N
•
f = 0.
Definition B.2.1. Let f : (X,Λ0) → (Y,Π0) be a Poisson morphism between two nonsingular projective
Poisson varieties. Let U = {Ui}i∈I be an affine open cover of X and define
PD(X,Λ0)/(Y,Π0) =
{(v, t, λ) ∈ C0(U , f∗TY )⊕ C1(U , TX)⊕ C0(U ,∧2TX)|
−δv=F (t),π(v)=F (λ),
δt=0,δλ+[Λ0,t]=0,[Λ0,λ]=0
}
{(F (w),−δ(w), [Λ0, w])|w ∈ C0(U , TX)}
PD
1
(X,Λ0)/(Y,Π0) =
{(ξ, η, s, r, w) ∈ C1(U , f∗TY )⊕ C
0(U ,∧2f∗TY )⊕ C
2(U , TX)⊕ C
1(U ,∧2TX)⊕ C
0(U ,∧3TX)|
δξ=F (s),δη+pi(ξ)=F (r),pi(η)=F (w),
[Λ0,w]=0,−δ(w)+[Λ0,r]=0,−δ(r)+[Λ0,s]=0,δs=0
}
{(F (u)− δ(a), F (c) + pi(a), δ(u), δ(c) + [Λ0, u], [Λ0, c])|a ∈ C0(U , f∗TY ), u ∈ C1(U , TX), c ∈ C0(U ,∧2TX)}
Lemma B.2.2.
(1) PD(X,Λ0)/(Y,Π0) and PD
1
(X,Λ0)/(Y,Π0)
do not depend on the choice of the affine cover U of X.
(2) We have the following exact sequences
(a) H0(X,T •X)→ H
0(X, f∗T •Y )→ PD(X,Λ0)/(Y,Π0) → H
1(X,T •X)→ H
1(X, f∗T •Y ).
(b) 0→ H1(X,T •X/Y )→ PD(X,Λ0)/(Y,Π0) → H
0(X,N •f )→ H
2(X,T •X/Y ).
(c) H1(X,T •X)→ H
1(X, f∗T •Y )→ PD
1
(X,Λ0)/(Y,Π0)
→ H2(X,T •X)→ H
2(X, f∗T •Y ).
(d) 0→ H2(X,T •X/Y )→ PD
1
(X,Λ0)/(Y,Π0)
→ H1(X,N •f )→ H
3(X,T •X/Y ).
(3) If f is non-degenerate, then PD(X,Λ0)/(Y,Π0)
∼= H0(X,N •f ) and PD
1
X/Y
∼= H1(X,N •f ).
(4) if f is smooth, PD(X,Λ0)/(Y,Π0)
∼= H1(X,T •X/Y ) and PD
1
(X,Λ0)/(Y,Π0)
∼= H2(X,T •X/Y ).
Proof. By five lemma, (2) implies (1). (2) implies (3) since T •X/Y = 0. (2) implies (4) since N
•
f = 0. Hence
it is sufficient to show (2).
Let us show that (a) is exact. We define H0(X, f∗T •Y ) → PD(X,Λ0)/(Y,Π0) by u 7→ (u, 0, 0) and define
PD(X,Λ0)/(Y,Π0) → H
1(X,T •X) by (v, t, λ) 7→ (t, λ). Then we can check that (a) is exact.
Let us show that (b) is exact. We define H1(X,T •X/Y )→ PD(X,Λ0)/(Y,Π0) by
(ψ, φ) ∈ C1(U , T 1X/Y )⊕ C
0(U , T 2X/Y ) 7→ (0, Jψ, Jφ) ∈ PD(X,Λ0)/(Y,Π0)
We define PD(X,Λ0)/(Y,Π0) → H
0(X,N •f ) by (v, t, λ)→ Pv. Let us define H
0(X,N •f )→ H
2(X,T •X/Y ). Every
element of H0(X,N •f ) is represented by some v ∈ C
0(U , f∗TY ) such that −δv = F (t) for some t ∈ C1(U , TX)
and π(v) = F (r) for some r ∈ C0(U ,∧2TX). Then δt ∈ C1(U , T 2X/Y ) since F (δt) = δF (t) = −δδv = 0,
[Λ0, t] + δr ∈ C1(U , T 2X/Y ) since F ([Λ, t]0 + δr) = π(F (t)) + δF (r) = −π(δv) + δ(π(v)) = 0, and [Λ0, r] ∈
C0(U , T 1X/Y ) since F ([Λ0, r]) = π(F (r)) = π(π(r)) = 0. Then we define H
0(X,N •f ) → H
2(X,T •X/Y ) by
v 7→ (δt, [Λ0, t] + δr, [Λ0, r]) which define a 2-cocycle of T •X/Y . Then we can check that (b) is exact.
Let us show that (c) is exact. We define H1(X, f∗T •Y )→ PD
1
(X,Λ0)/(Y,Π0)
by (ξ, η) 7→ (ξ, η, 0, 0) and define
PD1(X,Λ0)/(Y,Π0) → H
2(X,T •X) by (ξ, η, s, r, w) 7→ (s, r, w). Then we can check that (c) is exact.
Let us show that (d) is exact. We define H2(X,T •X/Y )→ PD
1
(X,Λ0)/(Y,Π0)
by
(ψ, φ, θ) ∈ C2(U , T 1X/Y )⊕ C
1(U , T 2X/Y )⊕ C
0(U , T 3X/Y ) 7→ (0, 0, Jψ, Jφ, Jθ) ∈ PD
1
(X,Λ0)/(Y,Π0)
.
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We define PD1(X,Λ0)/(Y,Π0) → H
1(X,N •f ) by (ξ, η, s, r, w) 7→ (Pξ, Pη). Let us defineH
1(X,N •f )→ H
3(X,T •X/Y ).
Every element of H1(X,N •f ) is represented by some (ξ, η) ∈ C
1(U , f∗TY ) ⊕ C0(U ,∧2f∗TY ) such that
δξ = F (a), π(ξ) + δ(η) = F (b), and π(η) = F (c) for some a ∈ C2(U , TX), b ∈ C1(U ,∧2TX), and c ∈
C0(U ,∧3TX). Then −δa ∈ C3(U , T 1X/Y ) since F (−δa) = −δδξ = 0, [Λ0, a] − δ(b) ∈ C
2(U , T 2X/Y ) since
F ([Λ0, a] − δ(b)) = π(F (a)) − δ(F (b)) = π(δ(ξ)) − δ(π(ξ)) − δ(δ(η)) = 0, [Λ0, b] − δ(c) ∈ C1(U , T 3X/Y )
since F ([Λ0, b] − δ(c)) = π(F (b)) − δ(F (c)) = π(δ(η)) − δ(π(η)) = 0, and [Λ0, c] ∈ C0(U , T 4X/Y ) since
F ([Λ0, c]) = π(F (c)) = π(π(η)) = 0. Then we define H
1(X,N •f )→ H
3(X,T •X/Y ) by (η, ξ) 7→ (−δa, [Λ0, a]−
δ(b), [Λ0, b]− δ(c), [Λ0, c]) which is 3-cocycle of T •X/Y . Then we can check that (d) is exact. 
Theorem B.2.3 (compare [Ser06] Theorem 3.4.8 p.164). Let f : (X,Λ0)→ (Y,Π0) be a Poisson morphism
of nonsingular Poisson varieties. Then
(1) There is a natural identification
Deff/(Y,Π0)(k[ǫ])
∼= PD(X,Λ0)/(Y,Π0)
(2) Given an infinitesimal deformation ξ of f over A ∈ Art leaving the target fixed and a small extension
0 → (t) → A˜ → A → 0, we can associate an element oξ(e) ∈ PD1(X,Λ0)/(Y,Π0), which is zero if and
only if there is a lifting of ξ to A˜.
Proof. Consider a first-order deformation and induced first-order deformation of (X,Λ0),
(X,Λ0) −−−−→ (X ,Λ)
f
y yΨ
(Y,Π0) −−−−→ (Y × Spec(k[ǫ]),Π0)y ys
Spec(k) −−−−→ Spec(k[ǫ])
(X,Λ0) −−−−→ (X ,Λ)y ysΨ
Spec(k) −−−−→ Spec(k[ǫ])
Choose an affine open cover U = {Ui = Spec(Bi)}i∈I of X such that for each i, f(Ui) is contained in an
affine open set Vi = Spec(Ci) of Y , Ψ is locally represented as
Ψ : (X|Ui ,Λ|Ui)→ (Vi × Spec(k[ǫ]),Π0)
and we have a Poisson isomorphism θi : (Ui×Spec(k[ǫ]),Λ0+ǫΛi)→ (X|Ui ,Λ|Ui) for some Λi ∈ Γ(Ui,∧
2TX).
Then for each i, j ∈ I, θij := θ
−1
j θi : (Uij × Spec(k),Λ0 + ǫΛj) → (Uij × Spec(k),Λ0 + ǫΛi) is a Poisson
isomorphism inducing the identity on (Uij ,Λ0) modulo by ǫ. Then θij corresponds to Id+ǫpij : (Γ(Uij ,OX)⊗
k[ǫ],Λ0+ǫΛj)→ (Γ(Uij ,OX)⊗k[ǫ],Λ0+ǫΛi) where pij ∈ Γ(Ui, TX) and pij+pjk−pik = 0,Λj−Λi−[Λ0, pij ] =
0, [Λ0,Λi] = 0 (see [Kim14b]). Hence we have δ({pij}) = 0, δ({−Λi}) + [Λ0, {pij}] = 0, [Λ0, {−Λi}] = 0. We
set
Ψi := Ψθi : (Ui × Spec(k[ǫ]),Λ0 + ǫΛi)→ (Vi × Spec(k[ǫ]),Π0) ⊂ (Y × Spec(k[ǫ]),Π0)
which corresponds to a Poisson k[ǫ]-homomorphism
Φi : (Ci ⊗k k[ǫ],Π0)→ (Bi ⊗k k[ǫ],Λ0 + ǫΛi)
which induces f |Ui by modulo ǫ so that we have an element vi ∈ Γ(Ui, f
∗TY ) such that Φi = f + ǫvi and for
any x, y ∈ Ci,
Φi(Π0(x, y)) = (Λ0 + ǫΛi)(Φix,Φiy)
f(Π0(x, y)) + ǫvi(Π0(x, y)) = (Λ0 + ǫΛi)(fx+ ǫvix, fy + ǫviy)
f(Π0(x, y)) + ǫvi(Π0(x, y)) = Λ0(fx, fy) + ǫΛ0(vix, fy) + ǫΛ0(fx, viy) + ǫΛi(fx, fy)
⇐⇒ π(vi) + FΛi = 0 ⇐⇒ π(vi) = F (−Λi).
On the other hand, restricting to Uij , we have Ψj |Uijθ
−1
j θi = Ψi|Uijwhich corresponds to (1+ǫpij)Φj = Φi,
equivalently, (1+ ǫpij)(f + ǫvj) = 1+ ǫvi so that we have pij ◦ f + vj = vi, and so vi− vj = F (pij)(−δ{vi} =
F ({pij})). Hence ({vij}, {pij}, {−Λi}) ∈ C0(U , f∗TY ) ⊕ C1(U , TX) ⊕ C0(U ,∧2TX) defines an element in
PD(X,Λ0)/(Y,Π0).
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Next we identify obstructions. Consider a small extension e : 0→ (t)→ A˜→ A→ 0, and an infinitesimal
deformation ξ = (Ψ : (X ,Λ) → (Y ×k Spec(A),Π0)) of f over Spec(A) leaving the target fixed. Choose an
affine open cover U = {Ui = Spec(Bi)}i∈I of X such that for each i, f(Ui) is contained in an affine open set
Vi = Spec(Ci) of Y , Ψ is locally represented as
Ψ : (X|Ui ,Λ|Ui)→ (Vi × Spec(A),Π0)
and we have a Poisson isomorphism θi : (Ui × Spec(A),Λi) → (X|Ui ,Λ|Ui), where Λi ∈ Γ(Ui,∧
2TX) ⊗k A.
Then for each i, j ∈ I, θij := θ
−1
j θi : (Uij × Spec(A),Λj) → (Uij × Spec(A),Λi) is a Poisson isomorphism
inducing the identity on (Uij ,Λ0), which corresponds to a Poisson A-isomorphism rij : (Γ(Uij ,OX) ⊗k
A,Λj)→ (Γ(Uij ,OX)⊗k A,Λi). We set
Ψi := Ψθi : (Ui × Spec(A),Λi)→ (Vi × Spec(A),Π0)
which corresponds to a Poisson A-homomorphism
Φi : (Ci ⊗k A,Π0)→ (Bi ⊗k A,Λi)
Now given a small extension e : 0→ (t)→ A˜→ A→ 0, we associated an element oη(e) ∈ PD1(X,Λ0)/(Y,Π0).
Let Φ˜i : Ci ⊗k A˜→ Bi ⊗k A˜ be an arbitrary lifting of Φi to A˜ inducing Φi, Λ˜i ∈ Γ(Ui,∧2TX)⊗k A˜ be an
arbitrary lifting of Λi to A˜ inducing Λi, and r˜ij : Γ(Uij ,OX)⊗k A˜→ Γ(Uij ,OX)⊗k A˜ be an arbitrary lifting
of rij to A˜ inducing rij . Then r˜ij r˜jk r˜ki = Id + td˜ijk for some d˜ijk ∈ Γ(Uijk,OX), [Λ˜i, Λ˜i] = tqi for some
qi ∈ Γ(Ui,∧
3TX), and there exist Λ
′
ij ∈ Γ(Uij ,∧
2TX) such that r˜ij(Λ˜j(c, d)) = (Λ˜i + tΛ
′
ij)(r˜ij(c), r˜ij(d))
for c, d ∈ Γ(Uij ,OX) ⊗k A˜. Then [Λ0, {
1
2qi}] = 0,−δ({
1
2qi}) + [Λ0, {Λ
′
ij}] = 0,−δ({Λ
′
ij}) + [Λ0, {−d˜ijk}] =
0,−δ({−d˜ijk}) = 0 (see [Kim14a]).
Since rijΦj = Φi, we have r˜ijΦ˜j−Φ˜i = tξij for some ξij ∈ Γ(Uij , f∗TY ). Then since r˜ij r˜jk = r˜ik+td˜ijk r˜ik,
we have t(ξij−ξik+ξjk) = t(ξij−ξik+rijξjk) = r˜ijΦ˜j−Φ˜i−r˜ikΦ˜k+Φ˜i+r˜ij r˜jkΦ˜k−r˜ijΦ˜j = −r˜ikΦ˜k+r˜ij r˜jkΦ˜k =
td˜ijkf . Hence we have
ξij − ξik + ξjk = F d˜ijk(B.2.4)
Since Φ∗iΠ0−ΦiΛi = 0 (recall Notation B.1.2), we have Φ˜
∗
iΠ0−Φ˜iΛ˜i = tPi for some Pi ∈ HomCi(∧
2Ω1Ci , Bi).
Then for a, b, c ∈ Ci, since [Π0,Π0] = 0, we have
tπ(Pi)(a, b, c)
= tΛ0(Pi(a, b), f(c))− tΛ0(Pi(a, c) ∧ f(b)) + tΛ0(Pi(b, c), f(a)) + tPi(Π0(a, b), c)− tPi(Π0(a, c), b) + tPi(Π0(b, c), a)
= Λ˜i((Φ˜
∗
iΠ0 − Φ˜iΛ˜)(a, b), Φ˜i(c))− Λ˜i((Φ˜
∗
iΠ0 − Φ˜iΛ˜i)(a, c), Φ˜i(b)) + Λ˜i((Φ˜
∗
iΠ0 − Φ˜iΛ˜i)(b, c), Φ˜i(a))
+ (Φ˜∗iΠ0 − Φ˜iΛ˜i)(Π0(a, b), c)− (Φ˜
∗
iΠ0 − Φ˜iΛ˜i)(Π0(a, c), b) + (Φ˜
∗
iΠ0 − Φ˜iΛ˜i)(Π0(b, c), a)
= Λ˜i(Φ˜i(Π0(a, b)), Φ˜i(c)) − Λ˜i(Λ˜i(Φ˜i(a), Φ˜i(b)), Φ˜i(c)) − Λ˜i(Φ˜i(Π0(a, c)), Φ˜i(b)) + Λ˜i(Λ˜i(Φ˜i(a), Φ˜i(c)), Φ˜i(b))
+ Λ˜i(Φ˜i(Π0(b, c)), Φ˜i(a))− Λ˜i(Λ˜i(Φ˜i(b), Φ˜i(c)), Φ˜i(a))
+ Φ˜i(Π0(Π0(a, b), c))− Λ˜i(Φ˜i(Π0(a, b)), Φ˜i(c)) − Φ˜i(Π0(Π0(a, c), b)) + Λ˜i(Φ˜i(Π0(a, c)), Φ˜i(b))
+ Φ˜i(Π0(Π0(b, c), a))− Λ˜i(Φ˜i(Π0(b, c)), Φ˜i(a))
= −Λ˜i(Λ˜i(Φ˜i(a), Φ˜i(b)), Φ˜i(c)) + Λ˜i(Λ˜i(Φ˜i(a), Φ˜i(c)), Φ˜i(b))− Λ˜i(Λ˜i(Φ˜i(b), Φ˜i(c)), Φ˜i(a))
On the other hand, since [Λ˜i, Λ˜i] = tqi
tF (qi)(a, b, c) = tqi(f(a), f(b), f(c)) = [Λ˜i, Λ˜i](Φ˜i(a), Φ˜i(b), Φ˜i(c))
= 2Λ˜i(Λ˜i(Φ˜i(a), Φ˜i(b)), Φ˜i(c))− 2Λ˜i(Λ˜i(Φ˜i(a), Φ˜i(c)), Φ˜i(b)) + 2Λ˜i(Λ˜i(Φ˜i(b), Φ˜i(c)), Φ˜i(a))
Hence we have
π(Pi) = −
1
2
Fqi(B.2.5)
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On the other hand, let r˜ij(Λ˜j(c, d)) = (Λ˜i + tΛ
′
ij)(r˜ij(c), r˜ij(d)) for c, d ∈ Γ(Uij ,OX). We recall Notation
B.1.1. Then for a, b ∈ Γ(Vij ,OY ),
t(Pi − Pj) = t(Pi − r
∗
ijPj)(a, b) = Φ˜
∗
iΠ0(a, b)− Φ˜iΛ˜i(a, b)− r˜ij(Φ˜
∗
jΠ0(a, b)) + r˜ij(Φ˜jΛ˜j(a, b))
= Φ˜i(Π0(a, b))− Λ˜i(Φ˜i(a), Φ˜i(b))− r˜ij(Φ˜j(Π0(a, b))) + r˜ij(Λ˜j(Φ˜j(a), Φ˜j(b)))
= Φ˜i(Π0(a, b))− Λ˜i(Φ˜i(a), Φ˜i(b))− r˜ij(Φ˜j(Π0(a, b))) + (Λ˜i + tΛ
′
ij)(r˜ij Φ˜j(a), r˜ijΦ˜j(b)))
= Φ˜i(Π0(a, b))− Λ˜i(Φ˜i(a), Φ˜i(b))− r˜ij(Φ˜j(Π0(a, b))) + (Λ˜i + tΛ
′
ij)(r˜ij Φ˜j(a), r˜ijΦ˜j(b)))
= Φ˜i(Π0(a, b))− Λ˜i(Φ˜i(a), Φ˜i(b))− r˜ij(Φ˜j(Π0(a, b))) + (Λ˜i + tΛ
′
ij)(Φ˜i(a) + tξij(a), Φ˜i(b) + tξij(b))
= Φ˜i(Π0(a, b))− r˜ij(Φ˜j(Π0(a, b))) + Λ˜i(tξij(a), Φ˜i(b)) + Λ˜i(Φ˜i(a), tξij(b)) + tΛ
′
ij(Φ˜i(a), Φ˜i(b))
= −tξij(Π0(a, b)) + tΛ0(ξij(a), f(b)) + tΛ0(f(a), ξij(b)) + tΛ
′
ij(f(a), f(b))
Hence we have
π(ξij) = Pi − Pj − FΛ
′
ij(B.2.6)
Then from , α := ({−ξij}, {−Pi}, {−d˜ijk}, {Λ′ij}, {
1
2qi}) ∈ C
1(U , f∗TY ) ⊕ C0(U ,∧2f∗TY ) ⊕ C2(U , TX) ⊕
C1(U ,∧2TX)⊕ C0(U ,∧2TX) defines an element PD1(X,Λ0)/(Y,Π0).
Let Φ˜′i be an another arbitrary lifting of Φi, r˜
′
ij be an another arbitrary lifting of rij , Λ˜
′
i be an another
arbitrary lifting of Λi. Let β = ({−ξ
′
ij}, {−P
′
i}, {−d˜
′
ijk}, {Λ
′′
ij}, {
1
2q
′
i}) ∈ C
1(U , f∗TY ) ⊕ C
0(U ,∧2f∗TY ) ⊕
C2(U , TX)⊕C1(U ,∧2TX)⊕C0(U ,∧2TX) be the associated element in PD1(X,Λ0)/(Y,Π0). Then Φ˜
′
i = Φ˜i+ tQi
for some Qi ∈ Γ(Ui, f∗TY ), r˜′ij = r˜ij + tpij for some pij ∈ Γ(Uij , TX) and Λ˜
′
i = Λ˜i + tΛ
′
i for some Λ
′
i ∈
Γ(Ui,∧2TX). {−d˜ijk + d˜′ijk} = δ({pij}),Λ
′
ij − Λ
′′
ij = δ(−Λ
′
i) + [Λ0, pij ] = 0,
1
2qi −
1
2q
′
i = [Λ0,−Λ
′
i] .
On the other hand, for a, b ∈ Ci,
(tP ′i − tPi)(a, b) = Φ˜
′∗
i Π0(a, b)− Φ˜
′
iΛ˜
′
i(a, b)− Φ˜
∗
iΠ0(a, b) + Φ˜iΛ˜i(a, b)
= Φ˜′i((Π0(a, b))− Λ˜
′
i(Φ˜
′
i(a), Φ˜
′
i(b))− Φ˜i(Π0(a, b)) + Λ˜i(Φ˜i(a), Φ˜i(b))
= (Φ˜i + tQi)((Π0(a, b))− (Λ˜i + tΛ
′
i)(Φ˜i(a) + tQi(a), Φ˜i(b) + tQi(b))− Φ˜i(Π0(a, b)) + Λ˜i(Φ˜i(a), Φ˜i(b))
= tQi(Π0(a, b))− Λ0(f(a), tQi(b))− Λ0(tQi(a), f(b))− tΛ
′
i(f(a), f(b))
= −π(Qi)(a, b)− Λ
′
i(f(a), f(b)).
Hence we have
P ′i − Pi = π(−Qi) + F (−Λ
′
i)(B.2.7)
On the other hand,
tξ′ij(a)− tξij(a) = r˜
′
ijΦ˜
′
j(a)− Φ˜
′
i(a)− r˜ijΦ˜j(a) + Φ˜i(a)
= (r˜ij + tpij)(Φ˜j + tQj)(a)− (Φ˜i + tQi)(a)− r˜ijΦ˜j(a) + Φ˜i(a)
= tpijf(a) + tQj(a)− tQi(a)
Hence we have
ξ′ij − ξij = Fpij +Qj −Qi(B.2.8)
Therefore α−β = (F ({pij})−δ({−Qi}), π({−Qi})+F ({−Λ′i}), δ({pij}), δ({pij}), δ({−Λ
′
i})+[Λ0, {pij}, [Λ0, {−Λ
′
i}])
so that α, β define the same class in PD1(X,Λ0)/(Y,Π0). Hence given a small extension e : 0 → (t) → A˜ →
A → 0, we can associate an element oξ(e) := the cohomology class of α ∈ PD(X,Λ0)/(Y,Π0). We note that
oξ(e) = 0 if and only if there exist collections ξij = 0, Pi = 0, d˜ijk = 0,Λ
′
ij = 0, and qi = 0:
(1) if d˜ijk = 0,Λ
′
ij = 0, and qi = 0, then we have a flat Poisson deformation (X˜ , Λ˜) of (X,Λ0) over
Spec(A˜) inducing (X ,Λ).
(2) if ξij = 0, and Pi = 0, we have a Poisson morphism Ψ˜ : (X˜ , Λ˜)→ (Y × Spec(A˜),Π0) inducing Ψ.
Hence oξ(e) = 0 if and only if there is a lifting of ξ to A˜. 
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Appendix C. Stability and Costability
Let f : (X,Λ0)→ (Y,Π0) be a Poisson morphism of nonsingular Poisson varieties with X projective. Let
us consider a deformation of f over A ∈ Art in the sense of Definition B.0.110 so that we have a Poisson
morphism Φ : (X ,Λ)→ (Y,Π) over A which induces f . Then we have morphisms of functors of Artin rings
which are defined by forgetful morphisms
fX : Deff → Def(X,Λ0), fY : Deff → Def(Y,Π0)(C.0.9)
where Def(X,Λ0) is the functor of Artin rings of flat Poisson deformations of (X,Λ0), and Def(Y,Π0) is the
functor of Artin rings of flat Poisson deformations of (Y,Π0) (see [Kim14a]).
Theorem C.0.10 (stability). Let f : (X,Λ0) → (Y,Π0) be a Poisson morphism of nonsingular Poisson
varieties with X projective. Assume that
(1) F : H1(X,T •X)→ H
1(X, f∗T •Y ) is surjective.
(2) F : H2(X,T •X)→ H
2(X, f∗T •Y ) is injective.
Then the functor fY in (C.0.9) is smooth. In other words, for any Poisson flat deformation q : (Y,Π) →
Spec(A) of (Y,Π0) over Spec(A) for a local artinian k-algebra A with residue k, there exist
(1) a falt Poisson deformation p : (X ,Λ)→ Spec(A) of (X,Λ0) over Spec(A),
(2) a Poisson morphism Φ : (X ,Λ)→ (Y,Π) over Spec(A) which induces f .
Proof. We will prove by the induction on the dimension of A. When dimk A = 1, there is nothing to prove.
Assume that the theorem holds for dimk A ≤ n − 1. Let A be a local artinian k-algebra with dimk A = n.
Assume that the maximal ideal m of A satisfies mp−1 6= 0 and mp = 0. Choose t ∈ mp−1. Then A/(t) ∈ Art
with dimk A/(t) ≤ n− 1 and 0→ (t)→ A→ A/(t)→ 0 is a small extension.
Let q : (Y,Π) → Spec(A) be a Poisson deformation of (Y,Π0) over Spec(A). Let q¯ : (Y¯ , Π¯) :=
(Y,Π) ×Spec(A) Spec(A/(t)) → Spec(A/(t)) be the induced deformation over Spec(A/(t)). Then by the in-
duction hypothesis, there exists a deformation p¯ : (X¯ , Λ¯)→ Spec(A/(t)) of (X,Λ0) and Ψ¯ : (X¯ , Λ¯)→ (Y¯ , Π¯)
which induces f .
Let U = {Ui = Spec(Bi)}i∈I be an affine open cover of X and V = {Vi = Spec(Ci)}i∈I be an affine open
cover of Y such that f(Ui) ⊂ Vi. We have a Poisson isomorphism θ¯i : (Ui×Spec(A/(t)), Λ¯i)→ (X¯ |Ui , Λ¯|Ui),
where Λ¯i ∈ Γ(Ui,∧2TX) ⊗k A/(t). Then for each i, j ∈ I, θ¯ij := θ¯
−1
j θ¯i : (Uij × Spec(A/(t)), Λ¯j) →
(Uij × Spec(A/(t)), Λ¯i) is a Poisson isomorphism inducing the identity on (Uij ,Λ0), which corresponds to
a Poisson A/(t)-isomorphism r¯ij : (Γ(Uij ,OX) ⊗k A/(t), Λ¯j) → (Γ(Uij ,OX) ⊗k A/(t), Λ¯i). On the other
hand, similarly we have a Poisson isomorphism e¯i : (Vi × Spec(A/(t)), Π¯i) → (Y¯|Vi , Π¯|Vi), where Π¯i ∈
Γ(Vi,∧2TY )⊗kA/(t). Then for each i, j ∈ I, e¯ij := e¯
−1
j e¯i : (Vij×Spec(A/(t)), Π¯i)→ (Vij×Spec(A/(t)), Π¯i) is
a Poisson isomorphism inducing the identity on (Vij ,Π0), which corresponds to a Poisson A/(t)-isomorphism
g¯ij : (Γ(Vij ,OY )⊗k A/(t), Π¯j)→ (Γ(Vij ,OY )⊗k A/(t), Π¯i). We set Ψ¯i = e
−1
i Ψθi : (Ui × Spec(A/(t)), Λ¯i)→
(Vi × Spec(A/(t)), Π¯i) which corresponds to Φ¯i : (Ci ⊗k A/(t), Π¯i)→ (Bi ⊗k A/(t), Λ¯i).
Let Φ¯i : Ci ⊗ A → Bi ⊗ A be a lifting of Φ¯i, rij : Γ(Uij ,OX) ⊗ A → Γ(Uij ,OX) ⊗ A be a lifting of
r¯ij , and Λi ∈ Γ(Ui,∧2TX) ⊗k A be a lifting of Λ¯i. On the other hand, Let gij : (Γ(Vij ,OY ) ⊗k A,Πj) →
(Γ(Vij ,OY ) ⊗k A,Πi) be a lifting of g¯ij and Π¯i defining (Y,Π). Then rijrjkrki = Id + tηijk for some
ηijk ∈ Γ(Uijk, TX), [Λi,Λi] = tQi for some Qi ∈ Γ(Ui,∧2TX), and there exist Λ′ij ∈ Γ(Uij ,∧
2TX) such that
rij(Λj(a, b)) = (Λi + tΛ
′
ij)(rij(a), rij(b)) for a, b ∈ Γ(Uij ,OX) ⊗ A (for the detail, see [Kim14a]). Conisider
the following diagram (which is not necessarily commutative nor Poisson except for gij)
(Γ(Vij ,OY )⊗k A,Πj)
gij
−−−−→ (Γ(Vij ,OY )⊗k A,Πi)
Φj
y yΦi
(Γ(Uij ,OX)⊗k A,Λj)
rij
−−−−→ (Γ(Uij ,OX)⊗k A,Λi)
Then since r¯ijΦ¯j − Φ¯ig¯ij = 0, we have rijΦj − Φigij = tEij for some Eij ∈ Γ(Uij , f∗TY ). Then
t(Eij − Eik + Ejk) = t(Eijgjk − Eik + rijEjk) = rijΦjgjk − Φigijgjk − rikΦk +Φigik + rijrjkΦk − rijΦjgjk
= −rikΦk + rijrjkΦk = −rikΦk + (rik + tηijkrik)Φk = tηijkf
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Hence we have
F ({ηijk}) = δ({Eij}).(C.0.11)
On the other hand, we recall Notation B.1.2. Then since Φ¯∗i Π¯i − Φ¯iΛ¯i = 0, we have Φ
∗
iΠi − Φ
∗
iΛi = tPi
for some Pi ∈ HomCi(∧
2ΩCi , Bi) = Γ(Ui,∧
2f∗TY ). Then for a, b, c ∈ Ci, since [Πi,Πi] = 0, we have
tπ(Pi)(a, b, c)
= tΛ0(Pi(a, b), f(c))− tΛ0(Pi(a, c), f(b)) + tΛ0(Pi(b, c), f(a)) + tPi(Π0(a, b), c)− tPi(Π0(a, c), b) + tPi(Π0(b, c), a)
= Λi((Φ
∗
iΠi − ΦiΛi)(a, b),Φi(c))− Λi((Φ
∗
iΠi − ΦiΛi)(a, c),Φi(b)) + Λi((Φ
∗
iΠi − ΦiΛi)(b, c),Φi(a))
+ (Φ∗iΠi − ΦiΛi)(Πi(a, b), c)− (Φ
∗
iΠi − ΦiΛi)(Πi(a, c), b) + (Φ
∗
iΠi − ΦiΛi)(Πi(b, c), a)
= Λi(Φi(Πi(a, b)),Φi(c))− Λi((Λi(Φi(a),Φi(b)),Φi(c))− Λi(Φi(Πi(a, c)),Φi(b)) + Λi((Λi(Φi(a),Φi(c)),Φi(b))
+ Λi(Φi(Πi(b, c)),Φi(a))− Λi((Λi(Φi(b),Φi(c)),Φi(a))
+ Φi(Πi(Πi(a, b)), c)− Λi(Φi(Πi(a, b)),Φi(c)) − Φi(Πi(Πi(a, c)), b) + Λi(Φi(Πi(a, c)),Φi(b))
+ Φi(Πi(Πi(b, c)), a)− Λi(Φi(Πi(b, c)),Φi(a))
= −(
1
2
[Λi,Λi](Φi(a),Φi(b),Φi(c))) = tF (−
1
2
Qi)(a, b, c)
Hence we have
π({Pi}) = F (−
1
2
{Qi}).(C.0.12)
Lastly, we have, for a, b ∈ Γ(Vij ,OY ),
t(Pi − Pj)(a, b) = t(gijPi − r
∗
ijPj)(a, b) = (Φ
∗
iΠi − ΦiΛi)(gij(a), gij(b))− rij(Φ
∗
jΠj − ΦjΛj)(a, b)
= Φi(Πi(gij(a), gij(b)))− Λi(Φi(gij(a)),Φi(gij(b))) − rij(Φj(Πj(a, b))) + rij(Λj(Φj(a),Φj(b)))
= Φi(gij(Πj(a, b)))− Λi((rijΦj − tEij)(a), (rijΦj − tEij)(b))
− Φi(gij(Πj(a, b)))− tEij(Πj(a, b)) + Λi(rijΦj(a), rijΦj(b)) + tΛ
′
ij(rijΦj(a), rijΦj(b))
= tΛ′ij(f(a), f(b)) + tΛ0(f(a), Eij(b)) + tΛ0(Eij(a), f(b))− tEij(Π0(a, b))
= tF (Λ′ij)(a, b) + tπ(Eij)(a, b).
Hence we have
δ({Pi}) + π(Eij) = F (−Λ
′
ij)(C.0.13)
We note that ({− 12Qi}, {−Λ
′
ij}, {ηijk}) is a 2-cocycle of T
•
X (see [Kim14a]). SinceH
2(X,T •X)→ H
2(X, f∗T •Y )
is injective and the image of ({− 12Qi}, {−Λ
′
ij}, {ηijk}) is zero from (C.0.11),(C.0.12), and (C.0.13), there
exist dij ∈ C
1(U , TX) and λi ∈ C
0(U ,∧2TX) such that dki + djk + dij = −ηijk, λj − λi + [Λ0, dij ] = Λ
′
ij ,
and [Λ0, λi] =
1
2Qi. Then we claim that {rij + tdij}, {Λi − tλi} defines a flat Poisson deformation (X
′,Λ′)
of (X,Λ0) inducing (X¯ , Λ¯). Indeed,
(rij + tdij)(rjk + tdjk)(rki + tdki) = Id+ tηijk + tdki + tdjk + tdij = Id.
(C.0.14)
[Λi − tλi,Λi − tλi] = [Λi,Λi]− t2[Λ0, λi] = 0
(rij + tdij)((Λj − tλj)(a, b))− (Λi − tλi)((rij + tdij)(a), (rij + tdij)(b))
= (Λi + tΛ
′
ij)(rij(a), rij(b))− tλj(a, b) + tdij(Λ0(a, b))− Λi(rij(a), rij(b))− tΛ0(dij(a), b)− tΛ0(a, dij(b)) + tλi(a, b)
= tΛ′ij(a, b)− tλj(a, b)− t[Λ, dij ](a, b) + tλi(a, b) = 0
Consider the following diagram (which is not necessarily commutative nor Poisson except for gij)
(Γ(Vij ,OY )⊗k A,Πj)
gij
−−−−→ (Γ(Vij ,OY )⊗k A,Πi)
Φj
y yΦi
(Γ(Uij ,OX)⊗k A,Λj − tλj)
rij+tdij
−−−−−→ (Γ(Uij ,OX)⊗k A,Λi − tλi)
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Then (rij + tdij)Φj − Φigij = tGij for some Gij ∈ Γ(Uij , f∗TY ) so that Gij = Eij + tdijf . Gij −
Gik + Gjk = Eij + tdijf − Eik − tdikf + Ejk + tdjkf = F (ηijk) − F (ηijk) = 0. On the other hand,
Φ∗iΠi − Φi(Λi − tλi) = tLi for some Li ∈ Γ(Ui,∧
2f∗TY ). Then Li = Pi + F (λi). We have π(Li) = π(Πi) +
F ([Λ0, λi]) = F (−
1
2Qi)+F (
1
2Qi) = 0. Lastly we have Lj−Li+π(Gij) = Pj+F (λj)−Pi−F (λi)+π(Eij)+
tπ(F (dij)) = F (−Λ′ij) + F (λj − λi + [Λ, dij ]) = 0. Hence ({Gij}, {Li}) defines a 1-cocycle of f
∗T •Y . Hence
since H1(X,T •X)→ H
1(X, f∗T •Y ) is surjective, there exist 1-cocycle ({χij}, {Hi}) ∈ C
1(U , TX)⊕C0(U ,∧2TX)
of T •X , and {τi} ∈ C
0(U , f∗TY ) such that Gij − F (−χij) = τi − τj , and Li − F (−Hi) = π(τi).
Then we claim that {rij + t(dij + χij)} and {Λi − t(λi +Hi)} define a flat Poisson deformation (X ,Λ) of
(X,Λ0) inducing (X¯ , Λ¯). Indeed, from (C.0.14), we have
(rij + tdij + tχij)(rjk + tdjk + tχjk)(rki + tdki + χki) = Id+ t(χij + χjk + χki) = Id,
[Λi − tλi − tHi,Λi − tλi − tHi] = −2t[Λ0, Hi] = 0
(rij + tdij + tχij)((Λj − tλj − tHj)(a, b))− (Λi − tλi − tHi)((rij + tdij + tχij)(a), (rij + tdij + tχij)(b))
= −tHj(a, b) + tχij(Λ0(a, b))− tΛ0(χij(a), b)− tΛ0(a, χij(b)) + tHi(a, b) = −t(Hj −Hi + [Λ, χij ]) = 0
We have the following commutative diagram
(Γ(Vij ,OY )⊗k A,Πj)
gij
−−−−→ (Γ(Vij ,OY )⊗k A,Πi)
Φj+tτj
y yΦi+tτi
(Γ(Uij ,OX)⊗k A,Λj − t(λj +Hj))
rij+tdij+tχij
−−−−−−−−−→ (Γ(Uij ,OX)⊗k A,Λi − t(λi +Hi))
Indeed, (rij + tdij + tχij)(Φj(a)+ tτj(a)) = Φi(gij(a))+ tGij(a)+ tχij(f(a))+ tτj(a) = Φi(gij(a))+ tτi(a) =
(Φi + tτi)(gij(a)). Lastly we claim that Φj + tτj is a Poisson homomorphism. Indeed,
(Φj + tτj)(Πj(a, b))− (Λj − tλj − tHj)(Φj(a) + tτj(a),Φj(b) + tτj(b))
= (Φj(Λj − tλj) + tLj)(a, b) + tτj(Πj(a, b))− (Λj − tλj)(Φj(a),Φj(a))− tΛ0(f(a), τj(b))− tΛ0(τj(a), b) + tHj(f(a), f(b))
= t(Lj − π(τj) + F (Hj))(a, b) = 0
Hence there exists a flat Poisson deformation (X ,Λ) over Spec(A) of (X,Λ0), and a Poisson morphism
Φ : (X ,Λ) → (Y,Π) over Spec(A) which induces f so that induction holds for n. This completes the proof
of Theorem C.0.10. 
Theorem C.0.15 (Costability). Let (X,Λ0) and (Y,Π0) be two nonsingular projective Poisson varieties,
f : (X,Λ0)→ (Y,Π0) a Poisson morphism. Assume that Assume that
(1) f∗ : H1(Y, T •Y )→ H
1(X, f∗T •Y ) is surjective.
(2) f∗ : H2(Y, T •Y )→ H
2(X, f∗T •Y ) is injective.
Then the functor fX is smooth. In other words, for a flat Poisson deformation p : (X ,Λ) → Spec(A) of
(X,Λ0) over Spec(A) for a local artinian k-algebra A with the residue k, there exist a flat Poisson deformation
q : (Y,Π)→ Spec(A) of (Y,Π0), and a Poisson map Φ : (X ,Λ)→ (Y,Π) over A which induces f .
Proof. We will prove by induction on the dimension n of A. When dimk A = 1, there is noting to prove. Now
assume that the theorem holds for dimk A ≤ n − 1. Let A be a local artinian k-algebra with dimk A = n.
Assume that the maximal ideal m of A satisfy mp−1 6= 0 and mp = 0. Choose t 6= 0 ∈ mp. Then A/(t) ∈ Art
with dimk A/(t) ≤ n− 1 and 0→ (t)→ A→ A/(t)→ 0 is a small extension.
Let p : (X ,Λ) → Spec(A) be a flat Poisson deformation of (X,Λ0) over Spec(A). Let Ui = {Ui =
Spec(Bi)} be an affine open cover of X . Let p¯ : (X¯ , Π¯) := (X ,Λ) ×Spec(A) Spec(A/(t)) → Spec(A/(t)) be
the induced deformation over Spec(A/(t)). Then by the induction hypothesis, there exists a deformation
q¯ : (Y¯ , Π¯)→ Spec(A/(t)) of (Y,Π0) and Ψ¯ : (X¯ , Λ¯)→ (Y¯ , Π¯) which induces f .
Let U = {Ui = Spec(Bi)}i∈I be an affine open cover of X and V = {Vi = Spec(Ci)}i∈I be an affine open
cover of Y such that f(Ui) ⊂ Vi. We have a Poisson isomorphism θ¯i : (Ui×Spec(A/(t)), Λ¯i)→ (X¯ |Ui , Λ¯|Ui),
where Λ¯i ∈ Γ(Ui,∧
2TX) ⊗k A/(t). Then for each i, j ∈ I, θ¯ij := θ¯
−1
j θ¯i : (Uij × Spec(A/(t)), Λ¯j) →
(Uij × Spec(A/(t)), Λ¯i) is a Poisson isomorphism inducing the identity on (Uij ,Λ0), which corresponds to
a Poisson A/(t)-isomorphism r¯ij : (Γ(Uij ,OX) ⊗k A/(t), Λ¯j) → (Γ(Uij ,OX) ⊗k A/(t), Λ¯i). On the other
hand, similarly we have a Poisson isomorphism e¯i : (Vi × Spec(A/(t)), Π¯i) → (Y¯|Vi , Π¯|Vi), where Π¯i ∈
Γ(Vi,∧2TY )⊗kA/(t). Then for each i, j ∈ I, e¯ij := e¯
−1
j e¯i : (Vij×Spec(A/(t)), Π¯i)→ (Vij×Spec(A/(t)), Π¯i) is
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a Poisson isomorphism inducing the identity on (Vij ,Π0), which corresponds to a Poisson A/(t)-isomorphism
g¯ij : (Γ(Vij ,OY )⊗k A/(t), Π¯j)→ (Γ(Vij ,OY )⊗k A/(t), Π¯i). We set Ψ¯i = e
−1
i Ψθi : (Ui × Spec(A/(t)), Λ¯i)→
(Vi × Spec(A/(t)), Π¯i) which corresponds to Φ¯i : (Ci ⊗k A/(t), Π¯i)→ (Bi ⊗k A/(t), Λ¯i).
Let Φi : Ci ⊗ A → Bi ⊗ A be a lifting of Φ¯i, and gij : Γ(Vij ,OY ) ⊗k A → Γ(Vij ,OY ) ⊗k A be a lifting
of g¯ij , and Πi ∈ Γ(Vi,∧2TY ) ⊗k A be a lifting of Π¯i. On the other hand, let rij : (Γ(Uij ,OX) ⊗k A,Λj) →
(Γ(Uij ,OX) ⊗k A,Λi) be a lifting of r¯ij and Λ¯i defining (X ,Λ). Then gijgjkgki = Id + tξijk for some
ξijk ∈ Γ(Vijk , TY ), [Πi,Πi] = tSi for some Si ∈ Γ(Vi,∧2TY ), and there exists Π′ij such that gij(Πj(a, b)) =
(Πi + tΠ
′
ij)(gij(a), gij(b)) for a, b ∈ Γ(Vij ,OY ) ⊗k A (for the detail, see [Kim14a]). Consider the following
diagram (which is not necessarily commutative nor Poisson except for rij)
(Γ(Vij ,OY )⊗k A,Πj)
gij
−−−−→ (Γ(Vij ,OY )⊗k A,Πi)
Φj
y yΦi
(Γ(Uij ,OX)⊗k AΛj)
rij
−−−−→ (Γ(Uij ,OX)⊗k A,Λi)
Then since r¯ijΦ¯j − Φ¯ig¯ij = 0, we have rijΦj − Φigij = tEij for some Eij ∈ Γ(Uij , f∗TY ).
t(Eij − Eik + Ejk) = t(Eijgjk − Eik + rijEjk) = rijΦjgjk − Φigijgjk − rikΦk +Φigik + rijrjkΦk − rijΦjgjk
= −Φigijgjk +Φigik = −Φi(gik + tξijk) + Φigik = −tfξijk
Hence we have
f∗({−ξijk}) = δ({Eij}).(C.0.16)
On the other hand, we recall Notation B.1.1. Then since Φ¯∗i Π¯i − Φ¯iΛi = 0, we have Φ
∗
iΠi − ΦiΛi = tPi
for some Pi ∈ Γ(Ui,∧2f∗TY ). Then for a, b, c ∈ C, since [Λi,Λi] = 0, we have
tπ(Pi)(a, b, c)
= tΛ0(Pi(a, b), f(c))− tΛ0(Pi(a, c), f(b)) + tΛ0(Pi(b, c), f(a)) + tPi(Π0(a, b), c)− tPi(Π0(a, c), b) + tPi(Π0(b, c), a)
= Λi((Φ
∗
iΠi − ΦiΛi)(a, b),Φi(c))− Λi((Φ
∗
iΠi − ΦiΛi)(a, c),Φi(b)) + Λi((Φ
∗
iΠi − ΦiΛi)(b, c),Φi(a))
+ (Φ∗iΠi − Φ
∗
iΛi)(Πi(a, b), c)− (Φ
∗
iΠi − ΦiΛi)(Πi(a, c), b) + (Φ
∗
iΠi − ΦiΛi)(Πi(b, c), a)
= Λi(Φi(Πi(a, b)),Φi(c))− Λi((Λi(Φi(a),Φi(b)),Φi(c))− Λi(Φi(Πi(a, c)),Φi(b)) + Λi((Λi(Φi(a),Φi(c)),Φi(b))
+ Λi(Φi(Πi(b, c)),Φi(a))− Λi((Λi(Φi(b),Φi(c)),Φi(a))
+ Φi(Πi(Πi(a, b)), c)− Λi(Φi(Πi(a, b)),Φi(c)) − Φi(Πi(Πi(a, c)), b) + Λi(Φi(Πi(a, c)),Φi(b))
+ Φi(Πi(Πi(b, c)), a)− Λi(Φi(Πi(b, c)),Φi(a))
= Φi(
1
2
[Πi,Πi](a, b, c)) = tf
∗(
1
2
Si)(a, b, c)
Hence we have
π(Pi) = f
∗(
1
2
Si).(C.0.17)
Lastly, we have, for a, b ∈ Γ(Vij ,OY ),
t(Pi − Pj) = t(gijPi − r
∗
ijPj)(a, b) = (Φ
∗
iΠi − ΦiΛi)(gij(a), gij(b))− rij(Φ
∗
jΠj − ΦjΛj)(a, b)
= Φi(Πi(gij(a), gij(b)))− Λi(Φi(gij(a)),Φi(gij(b)))− rij(Φj(Πj(a, b))) + rij(Λj(Φj(a),Φj(b)))
= Φi(gij(Πj(a, b)))− Φi(tΠ
′
ij(gij(a), gij(b)))− Λi((rijΦj − tEij)(a), (rijΦj − tEij)(b))
− Φi(gij(Πj(a, b)))− tEij(Πj(a, b)) + Λi(rij(Φj(a)), rij(Φj(b)))
= −tf(Π′ij(a, b)) + tΛ0(f(a), Eij(b)) + tΛ0(Eij(a), f(b))− tEij(Π0(a, b))
= −tf(Π′ij(a, b)) + π(Eij)(a, b)
Hence we have
δ({Pi}) + π({Eij}) = f
∗(Π′ij)(C.0.18)
We note that ({ 12Si}, {Π
′
ij}, {−ξijk}) is a 2-cocycle of T
•
Y (see [Kim14a]). Since f
∗ : H2(X,T •X)→ H
2(Y, f∗T •Y )
is injective, from (C.0.16),(C.0.17), and (C.0.18), there exists {dij} ∈ C1(U , TY ) and {λi} ∈ C0(U ,∧2TY )
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such that dki + djk + dij = −ξijk, λj − λi + [Π0, dij ] = Π′ij , and [Π0, λi] =
1
2Si. Then we claim that
{gij + tdij}, {Πi − tλi} defines a flat Poisson deformation of (Y ′,Λ′) of (Y,Π0) inducing (Y¯ , Π¯). Indeed,
(gij + tdij)(gjk + tdjk)(gki + tdki) = Id+ tξijk + tdik + tdjk + tdij = Id
(C.0.19)
[Πi − tλi,Πi − tλi] = tSi − t2[Π0, λi] = 0
(gij + tdij)((Πj − tλj)(a, b))− (Πi − tλi)((gij + tdij)(a), (gij + tdij)(b))
= (Πi + tΛ
′
ij)(gij(a), gij(b))− tλj(a, b) + tdij(Π0(a, b))−Πi(gij(a), gij(b))− tΠ0(dij(a), b)− tΠ0(a, dij(b)) + tλi(a, b)
= tΠ′ij(a, b)− tλj(a, b)− t[Π0, dij ](a, b) + tλi(a, b) = 0
Consider the following diagram (which is not necessarily commutative nor Poisson except for rij)
(Γ(Vij ,OY )⊗k A,Πj − tλj)
gij+tdij
−−−−−→ (Γ(Vij ,OY )⊗k A,Πi − tλi)
Φj
y yΦi
(Γ(Uij ,OX)⊗k A,Λj)
rij
−−−−→ (Γ(Uij ,OX)⊗k A,Λi)
Then rijΦj−Φi(gij+ tdij) = tGij for some Gij ∈ Γ(Uij , f∗TY ) so that Gij = Eij−f∗dij . Gij −Gik+Gjk =
Eij−f
∗dij−Eik+f
∗dik+Ejk−f
∗djk = f
∗(−ξijk)+f
∗(ξijk) = 0. On the other hand, Φ
∗
i (Πi−tλi)−ΦiΛi = tLi
for some Li ∈ Γ(Ui ∧2 f∗TY ). Then Pi − f∗λi = Li so that π(Li) = π(Pi) − f∗([Π0, λi]) = 0. Lastly, we
have π(Gij) + Lj − Li = π(Eij) − f∗[Π0, dij ] + Pj − f∗λj − Pi + f∗λi = 0. Hence ({Gij}, {Li}) defines
a 1-cocycle of f∗T •Y . Hence since f
∗ : H1(Y, T •Y ) → H
1(X, f∗T •Y ) is surjective, there exist a 1-cocycle
({χij}, {Hi}) ∈ C1(V , TY )⊕C0(V ,∧2TY ) of T •Y , and {τi} ∈ C
0(U , f∗TY ) such that Gij − f∗(χij) = τi − τj ,
and Li − f∗(Hi) = π(τi).
Then we claim that {gij + t(dij + χij)} and {Πi − t(λi +Hi)} define a flat Poisson deformation (Y,Π) of
(Y,Π0) inducing (Y¯ , Π¯). Indeed, from (C.0.19), we have
(gij + tdij + tχij)(gjk + tdjk + tχjk)(gki + tdki + χki) = Id+ t(χij + χjk + χki) = Id,
[Πi − tλi − tHi,Πi − tλi − tHi] = −2t[Π0, Hi] = 0
(gij + tdij + tχij)((Πj − tλj − tHj)(a, b))− (Πi − tλi − tHi)((gij + tdij + tχij)(a), (gij + tdij + tχij)(b))
= −tHj(a, b) + tχij(Π0(a, b))− tΠ0(χij(a), b)− tΠ0(a, χij(b)) + tHi(a, b) = −t(Hj −Hi + [Π0, χij ]) = 0.
We have the following commutative diagram
(Γ(Vij ,OY )⊗k A,Πj − t(λj +Hj))
gij+tdij+tχij
−−−−−−−−−→ (Γ(Vij ,OY )⊗k A,Πi − (tλi +Hi))
Φj+tτj
y yΦi+tτi
(Γ(Uij ,OX)⊗k A,Λj)
rij
−−−−→ (Γ(Uij ,OX)⊗k A,Λi)
Indeed, (Φi + tτi)(gij(a) + tdij(a) + tχij(a)) = rij(Φj(a))− tGij(a)− tf(dij(a)) + tf(dij(a)) + tf(χij(a)) +
tτi(a) = rij(Φj(a) + tτj(a)). Lastly we claim that Φj + tτj is a Poisson homomorphism. Indeed,
(Φj + tτj)(Πj(a, b)− tλj(a, b)− tHj(a, b))− Λj(Φj(a) + tτj(a),Φj(b) + tτj(b))
= Λj(Φj(a),Φj(b)) + tLj(a, b)− tf(λj(a, b))− tf(Hj(a, b)) + tτj(Πj(a, b))− Λj(Φj(a),Φj(b))− Λ0(τj(a), b)− Λ0(a, τj(b))
= t(Lj − π(τj)− f
∗(Hj))(a, b) = 0
Hence there exists a flat Poisson deformation (Y,Π) over Spec(A) of (Y,Π0), and a Poisson morphism
Φ : (X ,Λ) → (Y,Π) over Spec(A) which induces f so that induction holds for n. This completes the proof
of Theorem C.0.15.

Corollary C.0.20. Let (Y,Π0) be a nonsingular projective Poisson variety, (X,Λ0) be a nonsingular Poisson
subvariety of (Y,Π0), and let p : (X ,Λ)→ Spec(A) be a flat Poisson deformations of (X,Λ0) over A ∈ Art.
Assume that H2(Y, TY (−X)•) = 0, where TY (−X)• = ker(T •Y → T
•
Y |X). Then there exist a flat Poisson
deformation q : (Y,Π) → Spec(A) of deformations of (Y,Π0) over A, and an Poisson embedding (X ,Λ) →
(Y,Π) over Spec(A) which induces the natural embedding (X,Λ0)→ (Y,Π0) over 0 ∈ N .
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Appendix D. Comparison of two complexes of sheaves associated with the normal bundle
Let X be a holomorphic Poisson submanifold of a holomorphic Poisson manifold (Y,Λ0), and let i : X →
(Y,Λ0) be a Poisson embedding. In [Kim15], we defined a complex of sheaves associated with the normal
bundle
N •X/Y : NX/Y
∇
−→ NX/Y ⊗ TY |X
∇
−→ NX/Y ⊗ ∧
2TY |X
∇
−→ · · ·
We have another complex of sheaves associated with the normal bundle TY |X induced by
Ni := coker(T
•
X →֒ TY |
•
X)
where
T •X : TX
−[−,Λ0|X ]
−−−−−−−→ ∧2TX
−[−,Λ0|X ]
−−−−−−−→ ∧3TX
−[−,Λ0|X ]
−−−−−−−→ · · ·y y y
T •Y |X :TY |X
πi=−[−.Λ0]|X
−−−−−−−−−→ ∧2TY |X
πi=−[−,Λ0]|X
−−−−−−−−−→ ∧3TY |X
πi=−[−,Λ0]|X
−−−−−−−−−→ · · ·
We will compare their 0-th and first hypercohomology groups. We will define a map ϕ : N •i → N
•
X/Y
extending the identity NX/Y → NX/Y .
N •i : N
0
i = NX/Y −−−−→ N
1
i −−−−→ N
2
i −−−−→ · · ·
φ0=id
y yφ1 φ2y
N •X/Y : NX/Y
∇
−−−−→ NX/Y ⊗ TY |X
∇
−−−−→ NX/Y ⊗ ∧
2TY |X
∇
−−−−→ · · ·
Let U = {Wi} be a open covering of Y such that Wi is a polycylinder with a local coordinate (wi, zi) =
(w1i , ..., w
r
i , z
1
1 , ..., z
d
1) and Ui := X ∩Wi is determined by w
1
i = · · · = w
r
i = 0. On the intersection Wi ∩Wk,
the transition functions are given by wαi = f
α
ik(wk, zk), α = 1, ..., r, z
λ
i = g
λ
ik(wk, zk), λ = 1, ..., d. Since
fαik(0, zk) = 0, w
α
i is of the form w
α
i =
∑r
β=1w
β
kF
α
ikβ(wk, zk). Since X is a holomorphic Poisson manifold of
Y , [Λ0, w
α
i ] is of the form [Λ0, w
α
i ] =
∑r
β=1 w
β
i T
β
iα(wi, zi) for some T
β
iα(wi, zi) ∈ Γ(Wi, TY ).
Lemma D.0.21. Let g ∈ Γ(Ui,∧
2TY |X). Then g ∈ Γ(Ui,∧
2TX) if and only if [g, w
α
i ]|wi=0 = 0 for all
α = 1, ..., r.
Proof. It is clear that g ∈ Γ(Ui,∧2TX) implies [g, wαi ]|wi=0 for all α = 1, ..., r. Now assume that [g, w
α
i ]|wi=0
for all α = 1, ..., r. Write g in the following form
g =
d∑
r,s=1
Grs
∂
∂zri
∧
∂
∂zsi
+
d∑
p=1
r∑
q=1
Ppq
∂
∂zpi
∧
∂
∂wqi
+
r∑
a,b=1
Qab
∂
∂wai
∧
∂
∂wbi
where Grs, Ppq, Qab ∈ Γ(Ui,OX) with Qab = −Qba. We claim that Ppq = Qab = 0 for all a, b, p, q. Indeed,
for any α,
[g, wαi ]|wi=0 =
d∑
p=1
−Ppα
∂
∂zp
+ 2
r∑
a=1
Qαb
∂
∂wb
= 0
Then Ppα = 0 and Qαb = 0 for all p, b, α. Hence we get the claim. 
First we will define a map ϕ˜ : T •Y |X → N
•
X/Y . We note that Γ(Ui,NX/Y ⊗∧
pTY |X) ∼= ⊕rΓ(Ui,∧pTY |X).
We define ϕ˜ locally in the following way:
Γ(Ui,∧
p+1TY |X)
ϕ˜i
−→ ⊕rΓ(Ui,∧
pTY |X)
g 7→ ((−1)p[g, w1]|X , ..., (−1)
p[g, wr]|X)
We show that ϕ˜ is well-defined. It is sufficient to show that the following diagram commutes.
Γ(Uk ∩ Ui,∧p+1TY |X)
ϕ˜k
tt✐✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
✐✐
ϕ˜i
**❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯❯
❯
⊕rΓ(Uk ∩ Ui,∧
pTY |X)
∼=
// ⊕rΓ(Ui ∩ Uk,∧
pTY |X)
60 CHUNGHOON KIM
Indeed, for g ∈ Γ(Ui,∧p+1TY |X), we have
(−1)p[g, wαi ]|wi=0 =
r∑
β=1
(−1)p[g, wβkF
α
ikβ(wk, zk)]|wk=0 =
r∑
β=1
(−1)p[g, wβk ]|wk=0F
α
ikβ(0, zk)
Next we show that the following diagram commutes
Γ(Ui,∧
p+2TY |X)
ϕ˜i
−−−−→ ⊕rΓ(Ui,∧
p+1TY |X)
−[−,Λ0]|X
x x∇
Γ(Ui,∧p+1TY |X)
ϕ˜i
−−−−→ ⊕rΓ(Ui,∧pTY |X)
For g ∈ Γ(Ui,∧p+1TY |X), we have
ϕ˜i(−[g,Λ0]|X) =
r∑
α=1
(−(−1)p+1[[g,Λ0], w
α
i ]|wi=0)e
α
i
We note that
[[g,Λ0], w
α
i ]|wi=0 = [g, [Λ0, w
α
i ]]|wi=0 − (−1)
p[Λ0, [g, w
α
i ]] =
r∑
β=1
[g, wβi T
β
iα(wi, zi)]|wi=0 − [[g, w
α
i ],Λ0]|wi=0
=
r∑
β=1
(−1)p[g, wβi ] ∧ T
β
iα(0, zi)− [[g, w
α
i ],Λ0]|wi=0
Hence we get
ϕ˜i(−[g,Λ0]|wi=0) =
r∑
α=1

(−1)p+1[[g, wαi ],Λ0]|wi=0 +
r∑
β=1
[g, wβi ]|wi=0 ∧ T
β
iα(0, zi)

 eαi
On the other hand,
∇(ϕ˜i(g)) = ∇(
r∑
α=1
(−1)p[g, wαi ]e
α
i ) =
r∑
α=1

−(−1)p[[g, wαi ],Λ0]|wi=0 + (
r∑
β=1
[g, wβi ]|wi=0 ∧ T
β
iα(0, zi)

 eαi
Lastly, since [h,wi] = 0 for any h ∈ Γ(Ui,∧p+1TX). ϕ˜ induces ϕ : Γ(Ui,N
p
i )→ ⊕
rΓ(Ui,∧pTY |X) so that
we have ϕ : N •i → N
•
X/Y .
Lemma D.0.22. ϕ induces ϕ0 = id : H0(X,N •i )
∼= H0(X,N •X/Y ) and an injection ϕ
1 : H1(X,N •i ) →
H1(X,N •X/Y ). In particular, if H
1(X,N •X/Y ) = 0, then we have H
1(X,N •i ) = 0.
Proof. We show that H0(X,N i) ∼= H0(X,N •X/Y ). Let U = {Ui} be the covering of X . Every element of
H0(X,N •i ) is represented by some g = {gi} ∈ C
0(U , TY |X) with gi ∈ Γ(Ui, TY |X). Then by Lemma D.0.21,
−[gi,Λ0]|wi=0 ∈ Γ(Ui,∧
2TX) if and only if −[[gi,Λ0], wαi ]wi=0 = 0 for all α = 1, ..., r if and only if
0 =[[gi,Λ0], w
α
i ]|wi=0 = [gi, [Λ0, w
α
i ]]|wi=0 − [Λ0, [gi, w
α
i ]]|wi=0 = [gi,
r∑
β=1
wβi T
β
iα(wi, zi)]|wi=0 − [[gi, w
α
i ],Λ0]wi=0
=
r∑
β=1
[gi, w
α
i ]|wi=0T
β
iα(0, zi)− [[gi, w
α
i ],Λ0]|wi=0
Next let us show that ϕ1 is injective. Every element of H1(X,N •i ) is represented by some (h = {hij}, g =
{gi}) ∈ C
0(U , TY |X) ⊕ C
1(U ,∧2TY |X). Assume that ([hij , w
1
i ]|wi=0, ..., ([hij , w
r
i ]|wi=0) ∈
⊕r
Γ(Uij ,OX),
and (−[gi, w1i ]|wi=0, ...,−[gi, w
r
i ]|wi=0) ∈
⊕r
Γ(Ui, TY |X) defines 0 in H1(X,N •X/Y ) so that there exist
(f1i , ..., f
r
i ) ∈ ⊕
rΓ(Ui,OX) such that −[gi, wαi ]|wi=0 = −[f
α
i ,Λ0]|wi=0 +
∑r
β=1 f
β
i T
β
iα(0, zi). Then we claim
that gi − (−[
∑r
γ=1 f
γ
i
∂
∂wαi
,Λ0]|wi=0) ∈ Γ(Ui,∧
2TX), equivalently, by Lemma D.0.21,
[gi, w
α
i ]|wi=0 + [[
r∑
γ=1
fγi
∂
∂wγi
,Λ0], w
α
i ]|wi=0 = 0, for all α = 1, ..., r.
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We note that [
∑r
γ=1 f
γ
i
∂
∂wγi
,Λ0] =
∑r
γ=1[f
γ
i ,Λ0] ∧
∂
∂wγi
+
∑r
α=1 f
γ
i [
∂
∂wγi
,Λ0]. Then we have
[[
r∑
γ=1
fγi
∂
∂wγi
,Λ0], w
α
i ]|wi=0 =
r∑
γ=1
[[fγi ,Λ0], w
α
i ]|wi=0 ∧
∂
∂wγi
− [fαi ,Λ0]|wi=0 +
r∑
α=1
fγi [[
∂
∂wγi
,Λ0], w
α
i ]|wi=0
= −[fαi ,Λ0]|wi=0 +
r∑
α=1
fγi [[
∂
∂wγi
,Λ0], w
α
i ]|wi=0 = −[f
α
i ,Λ0]|wi=0 +
r∑
α=1
fγi T
γ
iα(0, zi)
= −[gi, w
α
i ]|wi=0.
since [[fγi ,Λ0], w
α
i ]|wi=0 = −[[Λ0, w
α
i ], f
γ
i ]|wi=0 = 0, and [[
∂
∂wγi
,Λ0], w
α
i ]|wi=0 = [
∂
∂wγi
, [Λ0, w
α
i ]]|wi=0−[Λ0,
∂wαi
∂wγi
]|wi=0 =∑r
β=1[
∂
∂wγi
, wβi T
β
iα(wi, zi)]|wi=0 = T
γ
iα(0, zi). Hence we get the claim so that (h, g) defines 0 in H
1(X,N •i ).

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